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FUTURE STABILITY OF THE FLRW SPACETIME FOR A LARGE CLASS
OF PERFECT FLUIDS
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Abstract. We establish the future non-linear stability of Friedmann-Lemaˆıtre-Robertson-
Walker (FLRW) solutions to the Einstein–Euler equations of the universe filled with a large
class of Makino-type fluids (the equations of state are allowed to be certain nonlinear or linear
types both). Several previous results as specific examples can be covered in the results of
this article. We emphasize that the future stability of FLRW metric for polytropic fluids with
positive cosmological constant has been a difficult problem and can not be directly generalized
from the previous known results. Our result in this article has not only covered this difficult
case for the polytropic fluids, but also unified more types of fluids in a same scheme of proofs.
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gas; Chaplygin gas
Mathematics Subject Classification: Primary 35A01; Secondary 35Q31, 35Q76, 83C05,
83F05
1. Introduction
Cosmological observations predict that our universe is currently undergoing an accelerated
expansion which is potentially achieved by various models. Candidates such as positive cos-
mological constant, quintessence of dark energy have been widely studied, for example, in [2–
4, 8, 13–15, 31, 33, 35, 36, 44, 46]. During these candidates, a well-known family of Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) solutions are often used by cosmologists to model a fluid-
filled, spatially homogeneous and isotropic universe. In mathematics, the future non-linear
stability of perturbations of FLRW solutions to the Einstein–Euler equations with a positive
cosmological constant and a linear equation of state p = Kρ has been well studied. However, in
reality, the equations of state of the fluids can not be precisely linear. A natural question arises:
if the equation of state deviates from the linear one, what happens to the longtime behavior of
perturbations of FLRW metrics? Or, more generally, how the equations of state of the perfect
fluids influence the future non-linear stability of FLRW solutions. This question is attractive to
us because if small deviations from the linear equation of state of fluids destroy the non-linear
future stability of FLRW metrics, then the FLRW metric with positive cosmological constant
and the linear model of equation of state of fluids is not decent to predict the future of the
universe due to the instability of this model with respect to the equation of state of the filled
fluids. This article aim to solve the proposed question partially. However, our results can not
answer above questions completely and it is very difficult to investigate this question directly,
since the equation of state affects the system in very complex ways. In fact, we attempt to
investigate it by asking firstly what types of fluids can guarantee the validity of the future non-
linear stability of FLRW solutions to the Einstein-Euler system with a positive cosmological
constant. In this article, we construct a large class of fluids from the mathematical point of
view, called Makino-type fluids, and demonstrate several common and frequently used fluids
(the equations of state are allowed to be certain nonlinear or linear types both) are in this
class and prove that Makino-type fluids do make sure the target stability holds. On the other
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hand, another direct motivation for us is to investigate the evolution of the general Chaplygin
fluids and polytropic fluids in accelerated expanding spacetime, which is not studied so far to
the authors’ knowledge. In fact, one would see the Makino-type fluids proposed in this article
include certain cases of general Chaplygin fluids and polytropic fluids. We emphasize that the
future stability of FLRW metric for polytropic fluids with positive cosmological constant has
been a difficult problem and can not be directly generalized from the previous known results.
Our result in this article has not only covered this difficult case for the polytropic fluids, but
also unified more types of fluids in a same scheme of proofs.
The dimensionless Einstein-Euler system is given by
G˜µν + Λg˜µν =T˜ µν , (1.1)
∇˜µT˜ µν =0, (1.2)
where G˜µν = R˜ µν − 1
2
R˜g˜µν is the Einstein tensor of the metric
g˜ = g˜µνdx
µdxν ,
and
T˜ µν = (ρ+ p)u˜µu˜ν + pg˜µν ,
is the stress energy tensor of the perfect fluid. Here, R˜µν , R˜ are the Ricci and scalar curvature
of the metric g˜ respectively, ∇˜µ is the covariant derivative of g˜, and ρ, p = p(ρ) denote the
energy density and pressure of the perfect fluid, respectively. We require that p(0) = 0 and
p(ρ) is analytic on an compact set Iρ ⊂ [0,+∞]. u˜µ is the fluid four-velocity, which we assume
is normalized by
g˜µν u˜
µu˜ν = −1. (1.3)
g˜µν is the inverse of g˜µν and
R˜µν = g˜αµg˜βνR˜αβ .
A well-known cosmological model is the family of Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) solution to (1.1)–(1.2) representing a homogeneous, fluid filled universe that is under-
going accelerated expansion. We use xi (i = 1, 2, 3) to denote the standard periodic coordinates
on the 3-torus T3 and τ = x0 a time coordinate on the interval (0, 1], then the FLRW solutions
on the manifold
M = (0, 1]× T3
are defined by
η˜ =
1
τ 2
(
− 1
ω2(τ)
dτ 2 + δijdx
idxj
)
, (1.4)
u˜ =− τω∂τ (1.5)
and the corresponding density of the fluid ρ¯ verifies the estimate (see (2.6) later)
τ 4ρ¯(1) ≤ ρ¯(τ) ≤ τ 3ρ¯(1), (1.6)
where ω(τ) ∈ C2([0, 1]) and the initial proper density ρ¯(1) can be freely specified.
Remark 1.1. We emphasize that, as is pointed out at Remark 1.2 in [20], the expression (1.4)
of FLRW solutions is not the standard one because of the choice of the time coordinate which
compactifies the time interval from infinity interval [0,∞) in the standard presentation to (0, 1]
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in the coordinates used here. In order to recover the standard presentation from this expression,
let us define a new time coordinate t in term of τ ∈ (0, 1]1,
t := t(1/τ) := −
∫ τ
1
1
yω(y)
dy > 0. (1.7)
It is evident that t is a strictly increasing function of 1/τ due to the strictly positive integrand.
Therefore, there exists an inverse function t−1, which we denote by a(t), such that
a(t) := t−1(t) =
1
τ
. (1.8)
According to our choice of time coordinate τ , the future lies in the direction of decreasing τ and
timelike infinity is located at τ = 0. Transforming the time coordinate τ to t via (1.7)–(1.8),
the FLRW metric (1.4) recovers to the standard one
ds2 = −dt2 + a2(t)δijdxidxj ,
which can be found in a variety of references, for instance [45].
Remark 1.2. The fluid-four velocity u˜µ is assumed to be future oriented, which is equivalent
to the condition
u˜0 < 0.
Before stating the main theorem of this article, we fix notations and conventions first. A
number of new variables and preliminary concepts are introduced as well.
1.1. Notations.
1.1.1. Indices and coordinates. Unless stated otherwise, our indexing convention will be as
follows: we use lower case Latin letters, e.g. i; j; k, for spatial indices that run from 1 to 3,
and lower case Greek letters, e.g. α, β, γ; for spacetime indices that run from 0 to 3. We
will follow the Einstein summation convention, that is, repeated lower and upper indices are
implicitly summed over. We use xi (i = 1, 2, 3) to denote the standard periodic coordinates on
the 3-torus T3 and τ = x0 a time coordinate on the interval (0, 1].
1.1.2. Descriptions of background and perturbed manifolds. Throughout this article, we use g˜
and η˜ to denote the original metric and original background FLRW metric respectively; we also
use g and η to denote the conformal metric and the conformal background metric. Γ˜, γ˜, Γ and
γ denote the Christoffel symbols with respect to g˜, η˜, g and η, respectively, similar conventions
are used for all kinds of the curvature tensors R˜, R˜, R, R.
1.1.3. Derivatives. Partial derivatives with respect to coordinates (xµ) = (τ, xi) will be de-
noted by ∂µ = ∂/∂x
µ which are the partial derivatives of the conformal spacetime. ∇˜ and ∇
are the covariant derivatives of the original physical spacetime and the conformal spacetime,
respectively. We use Du = (∂ju) and ∂u = (∂µu) to denote the spatial and spacetime gradients,
respectively. f ′(g), or simply f ′ if there is no confusion, will be used to denote f ′(g) := df(g)/dg.
Greek letters will also be used to denote multi-indices, e.g. α = (α1, α2, . . . , αn) ∈ Zn≥0, and
we will employ the standard notation Dα = ∂α11 ∂
α2
2 · · ·∂αnn for spatial partial derivatives. It
will be clear from context whether a Greek letter stands for a spacetime coordinate index or a
1note the following identity implies
dt
dτ
= − 1
τω(τ)
.
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multi-index. Furthermore, we will use Dku = {Dαu | |α| = k} to denote the collection of partial
derivatives of order k.
Given a vector-valued map f(u), where u is a vector, we use Df and Duf interchangeably
to denote the derivative with respect to the vector u, and use the standard notation
Df(u) · δu := d
dt
∣∣∣∣
t=0
f(u+ tδu)
for the action of the linear operator Df on the vector δu. For vector-valued maps f(u, v) of two
(or more) variables, we use the notation D1f and Duf interchangeably for the partial derivative
with respect to the first variable, i.e.
Duf(u, v) · δu := d
dt
∣∣∣∣
t=0
f(u+ tδu, v),
and a similar notation for the partial derivative with respect to the other variable.
1.1.4. Function spaces. For a function u(τ, x), we define the following standard Sobolev norms
‖u(τ, x)‖L2(Tn) :=
(∫
Tn
|u(τ, x)|2dnx
) 1
2
,
‖u(τ, x)‖Hk(Tn) :=
k∑
|α|=0
‖Dαu(τ, x)‖L2(Tn),
and
‖u(τ, x)‖L∞(Tn) :=ess sup
x∈Tn
|u(τ, x)|.
1.1.5. Remainder terms. In order to simplify the handling of remainder terms whose exact
form is not important, we will use, unless otherwise stated, upper case calligraphic letters,
e.g., S(τ, ξ), T (τ, ξ) and U(τ, ξ), to denote vector-valued maps that are elements of the space
C1([0, 1], C∞(RM)) for ξ ∈ RM and upper case letters in typewriter font, e.g., S(τ, ξ), T(τ, ξ)
and U(τ, ξ), to denote vector-valued maps that are elements of the space C0([0, 1], C∞(RM)).
We also remark that because the exact forms of these callgraphic or typewriter fond remainders
are not important, the remainders of the same letter may change from line to line.
We will say that a function f(x, y) vanishes to the nth order in y if it satisfies f(x, y) ∼ O(yn)
as y → 0, that is, there exists a positive constant C such that |f(x, y)| ≤ C|y|n as y → 0.
1.1.6. Intermediate point. We use αKℓ to denote the intermediate point between α¯ and α mea-
sured by Kℓ in a linear fashion, that is,
αKℓ := α¯ +Kℓ(α− α¯)
for some constant Kℓ ∈ (0, 1) (ℓ = 1, 2, · · · ).
1.2. Makino-type fluids. Throughout this article, we concentrate on a type of perfect fluids
with the equation of state p = p(ρ) where p(0) = 0 and p(ρ) is analytic on a compact set Iρ ⊂
[0,+∞], and we also require that for this fluid, there exists an invertible transformation α =
µ−1(ρ) determined by a set of quantities {µ(α), ̺, ς, β(τ)} satisfying the following Assumptions
1.3–1.5, which rephrase this fluid in terms of a new density variable α, and {̺, ς, β(τ)} restrict
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the property of the transformation µ. Only for convenience of expression, in this article, we
will always mention such fluids by Makino-type fluids2.
Assumption 1.3. (The symmetrization condition of Makino-type variable α) There exists an
invertible transformation
C2 ∋ µ : Iα → Iρ,
α(xµ) 7→ ρ(xµ),
that is, µ(α) = ρ, where Iα ⊂ [−∞,+∞] is a compact set, such that a quantity λ(α) constructed
by µ and the pressure of the fluid p is uniformly bounded and away from 0. That is, there is a
constant
δˆ ∈
(
0,min
{3
4
(
1 +
√
3
Λ
)
,
Λ
3 + Λ
(
1 +
√
3
Λ
)
, 1
})
, (1.9)
such that
λ(α) :=
s(α)
µ(α) + µ∗p(α)
dµ(α)
dα
∈ [δˆ, 1/δˆ] (1.10)
and λ ∈ C2(Iα), where
s := µ∗cs and cs :=
√
dp
dρ
describe the sound speed and µ∗ is the pullback of µ. We further assume s ∈ C2(Iα).
Assumption 1.4. Suppose ρ¯ = ρ¯(τ) is the density of the homogeneous, isotropic fluid (for
example, in this article, we take it to be the background FLRW solution (1.4)–(1.6)), then we
denote
α¯ := µ−1(ρ¯).
Assume there exists an function ̺ ∈ C([0, 1], C∞(R)) satisfying ̺(τ, 0) = 0 and a rescaling
function β(τ) ∈ C([0, 1]) ∩ C1((0, 1]) of α such that
µ(α)− µ(α¯) = τ ς̺(τ, β−1(τ)(α− α¯)), ς ≥ 2. (1.11)
Assumption 1.5. Let q(α) := s(α)/λ(α), then q¯ := q(α¯) = s¯/λ¯ where s¯ := s(α¯), λ¯ := λ(α¯).
Suppose
s¯ . β(τ), λ′(α¯)∂τβ(τ) . 1 and
s¯
τ
λ′(α¯) . 1, (1.12)
and one of the following two conditions holds,
(1) If there is a positive constant δˆ given by (1.9), such that β(τ) is bounded by
1
C∗δˆ
τ ≤ β(τ) ≤ 1
C∗δˆ
√
τ and χ(τ) := τ∂τ ln β(τ) ≥ 0, (1.13)
where C∗ :=
(√
3
Λ
+ 1
)−1( 9
4Λ2
+ 2
)− 1
2 and χ(τ) satisfies
1− 3s¯2 ≥ χ(τ) + δˆ (1.14)
and
1
3
χ(τ) +
1
δˆ
≥ q′(α¯) ≥ 1
3
χ(τ) + δˆ, (1.15)
2We name the fluid as this mainly because for polytropic fluids, the Euler equations become degenerated,
the key idea to overcome such degeneracity comes from the Makino’s well-known transformation [25]. Inspired
by this idea, we give this more abstract fluid to ensure it compatible with the longtime problem and include
more situations as well.
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for all τ ∈ [0, 1].
(2) If β ≡ constant> 0, s and one of the following cases happens
(a) q = q¯ and δˆ ≤ 1− 3s¯2 ≤ 1− 3δˆ2 where δˆ is given by (1.9);
(b) q = q¯ and 1− 3s2 = 0;
for all τ ∈ [0, 1].
Furthermore, Assumption 1.5.(1) and (2) separate Makino-type fluids into two classes ac-
cording to their different proofs. We name Makino-type (1) fluids if Assumption 1.5.(1) holds
and the other one is Makino-type (2) fluids which satisfy Assumption 1.5.(2).
Remark 1.6. With the help of that s¯2 ≥ 0, (1.13) and (1.14) imply
0 ≤ χ(τ) ≤ 1− δˆ. (1.16)
In addition, (1.13) and (1.14) and Assumption 1.5.(2), with the fact that cs(ρ) = s(α), yield
that
0 ≤ s¯2 ≤ 1
3
and 0 ≤ c¯2s := c2s(ρ¯) ≤
1
3
. (1.17)
By (1.13) and (1.16), we arrive at
s¯∂τβ . β∂τβ .
β2
τ
. 1 and s¯β . τ (i.e. q¯β . τ) (1.18)
for τ ∈ [0, 1].
Remark 1.7. We give three examples of Makino fluids in §2.2 which guarantee that the set of
Makino-type fluids is not empty. These three examples are
(1) Fluids with the linear equation of state p = Kρ (K ∈ (0, 1
3
]). This is a standard fluid
model in cosmology and the future stability has been well investigated in [20, 21, 30, 40,
43]. Especially, [20, 21] also conclude the statements of cosmological Newtonian limits
on large scale based on such a linear model of perfect fluids;
(2) Chaplygin gas3 with the equation of state that
p = − Λ
1+ϑ
(ρ+ Λ)ϑ
+ Λ
(
ϑ ∈
(
0,
√
1
3
))
; (1.20)
is a revised version of Chaplygin gases which is equivalent to the original one if the
positive cosmological constant is explicitly expressed in the Einstein equation. The
original definition of Chaplygin gas is a cosmological gas model for dark energy. In
other words, it essentially plays the role of positive cosmological constant. [16] adopts
the method of [30] deriving the long time stability of irrotational Chaplygin gas filled
universe.
(3) Polytropic gas with p = Kρ
n+1
n (n ∈ (1, 3)). The polytropic gas is also a well-known
fluid model in stellar system. However, there is no results known about polytropic fluids
filled general relativistic universe to the best of our knowledge. In fact, this article, after
proving the future stability of Makino-type fluids, implies the corresponding results of
polytropic ones.
3This equation of state does not consist with the standard Chaplygin gas
p = − A
ρϑ
. (1.19)
Due to presence of positive cosmological constant in the Einstein equations (1.1)–(1.2), with the help of simple
calculations, one can derive (1.20) with positive cosmological constant in Einstein equation is equivalent to
(1.19) without positive cosmological constant in Einstein equation by letting A = Λ1+ϑ.
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Hence, Makino-type fluid is a decent model at least containing all these common models in
astrophysics.
Remark 1.8. Assumption 1.3 consists with the standard symmetrization condition of the
transformation of the Makino-type variable (see, for example, [5, Page 114]).
Remark 1.9. Assumption 1.4 implies that
ρ− ρ¯
τ 2
= τ ς−2̺
(
τ, β−1(α− α¯)) and p− p¯
τ 2
= c2s
(
ρK4
)
τ ς−2̺
(
τ, β−1(α− α¯)), (1.21)
which will be used in (3.42) to make sure ρ−ρ¯
τ2
and p−p¯
τ2
are not τ -singular terms in the remainder
terms of the Einstein equation (see (3.42) for details).
Remark 1.10. Let us state an alternative but slightly stronger expression of Assumption
1.4.(1.11) which is given by
|µ′(α)| . τ
ς
β
, ς ≥ 2, (1.22)
for α ∈ Iα. Noting the expansion of µ,
µ(α) = µ(α¯) + βµ′(αK8)β
−1(α− α¯)
for some constant K8 ∈ (0, 1), we can, with the help of (1.22), arrive at Assumption 1.4.(1.11)
readily.
Remark 1.11. Once we rewrite Einstein–Euler equations in terms of the singular symmetric
hyperbolic formulations (A.1) given in Appendix A, then Assumption 1.5.(1) and (2) ensure
the positivity of the matrix B of the singular term in the singular hyperbolic system (A.1).
While Assumption 1.5.(1.12) ensures that the coefficient matrix B0 ∈ C1([0, 1], C∞(RM)) in
the model equation (A.1).
1.3. Conformal Einstein-Euler system. The main tool of this article is Oliynyk’s conformal
singular system which was first established by T. Oliynyk [30], then developed by [20, 21] to
prove the cosmological Newtonian limits on large scales and applied by [16] to future stability
of Chaplygin gas filled universe. Instead of describing the spacetime in terms of physical metric
g˜ directly, we turn to the conformal one
gµν = e
−2Φg˜µν , (i.e. g
µν = e2Φg˜µν), (1.23)
and the fluid four velocity governed by
uµ = eΦu˜µ, (1.24)
where, throughout this article, we take explicitly
Φ = − ln(τ). (1.25)
In addition, by (1.3), there is a normalization relation of the conformal four velocity,
uµuµ = −1. (1.26)
Under the conformal transformation (1.23)–(1.25), the conformal background metric becomes
η = − 1
ω2(τ)
dτ 2 + δijdx
idxj,
and recalling identity
R˜µν − Rµν = −gµν2Φ− 2∇µ∇νΦ + 2(∇µ∇νΦ− |∇Φ|2ggµν),
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where ∇ and Rµν are the covariant derivative and the Ricci tensor of gµν , respectively, 2 =
∇ν∇ν and |∇Φ|2g = gµν∇µΦ∇νΦ, and then the equations (1.1)–(1.2) becomes conformal Einstein-
Euler equations,
Gµν = T µν :=e4ΦT˜ µν − e2ΦΛgµν + 2(∇µ∇νΦ−∇µΦ∇νΦ)− (22gΦ + |∇Φ|2g)gµν , (1.27)
∇µT˜ µν =− 6T˜ µν∇µΦ + gκλT˜ κλgµν∇µΦ, (1.28)
where here and in the following, unless otherwise specified, we raise and lower all coordinate
tensor indices using the conformal metric gµν . Note that (1.28) can be derived due to the
identity of the difference Γ˜γµν − Γγµν ,
Γ˜γµν − Γγµν = gγα
(
gµα∇νΦ+ gνα∇µΦ− gµν∇αΦ
)
.
Contracting the free indices of (1.27) gives R = 4Λ− T , where T = gµνT µν and R is the Ricci
scalar of the conformal metric. Using this and the definition Gµν = Rµν− 1
2
Rgµν of the Einstein
tensor, we can write (1.27) as
−2Rµν =− 4∇µ∇νΦ + 4∇µΦ∇νΦ− 2[2gΦ + 2|∇Φ|2g
+
(ρ− p
2
+ Λ
)
gµν − 2e2Φ (ρ+ p)uµuν , (1.29)
which we call as the conformal Einstein equations.
1.4. The wave gauge. In order to rewrite the conformal Einstein equation into a hyperbolic
system, wave gauge is a useful technique. In this section, we introduce the wave gauge in
the spirit of [16, 20, 21, 30]. Straightforward calculations show that the Christoffel symbols,
contracted Christoffels and Ricci tensors are
γλµν =
1
2
η00(∂τη00)δ
λ
0 δ
0
µδ
0
ν = −
∂τω
ω
δλ0 δ
0
µδ
0
ν , γ
µ = −Ω
τ
δµ0
and
Rµν =∂αγαµν − ∂µγααν + γααλγλµν − γαµλγααν = 0.
where for the simplicity of notations, we denote
Ω(τ) = −τω∂τω. (1.30)
Define the wave coordinates as
Zµ = 0, (1.31)
where
Zµ = Xµ + Y µ (1.32)
with
Xµ := Γµ − γµ = −∂νgµν + 1
2
gµσgαβ∂σg
αβ +
Ω
τ
δµ0
(
Γµ = gσνΓµσν
)
(1.33)
and
Y µ := −2(gµν − ηµν)∇νΦ = −2gµν∇νΦ + 2ω
2
τ
δµ0 . (1.34)
Then,
Zµ = Xµ + Y µ = Γµ +
2
τ
(
gµ0 +
(
ω2 +
Ω
2
)
δµ0
)
= Γµ +
2
τ
(
gµ0 +
ψ(τ)
3
δµ0
)
= 0, (1.35)
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where we, for simplicity, denote
ψ(τ)
3
:= ω2 +
Ω
2
. (1.36)
Remark 1.12. A well known result from Zenginog˘lu [47] implies if initially Zµ = 0, then
Zµ ≡ 0 in the whole evolution of the Einstein-Euler system.
1.5. Transformed field variables. The gravitational and matter field variables, such as
{gµν(xα), ρ(xα), uµ(xα)}, as they stand for, are not suitable for establishing the global exis-
tence of solutions. In order to obtain suitable variables, we employ the following field variables,
which are adopted firstly by [30] and then used in [16, 20, 21] via their variations.
Define the densitized three-metric gij = det(gˇlm)
1
3 gij, where gˇlm = (g
lm)−1, and introduce
the variable
q = g00 − η00 + η
00
3
ln(det(gij)). (1.37)
Then let
u0ν =
g0ν − η0ν
2τ
, (1.38)
u0ν0 = ∂τ (g
0ν − η0ν)− 3(g
0ν − η0ν)
2τ
, (1.39)
u0νi = ∂i(g
0ν − η0ν), (1.40)
uij = gij − δij, (1.41)
uijµ = ∂µg
ij, (1.42)
u = q, (1.43)
uµ = ∂µq. (1.44)
α = β(τ)ζ, (1.45)
α¯ = β(τ)ζ¯ , (1.46)
ui = β(τ)vi, (1.47)
δζ = ζ − ζ¯ (1.48)
where β(τ) comes from the definition of Makino-type fluid (see Assumption 1.4).
1.6. Initial data. It is well known that the initial data for the conformal Einstein–Euler
equations cannot be chosen freely on the initial hypersurface
Σ1 = {1} × T3 ⊂M = (0, 1]× T3.
Indeed, a number of constraints, which we can separate into gravitational, gauge and velocity
normalization, must be satisfied on Σ1. In specific, the initial data are governed by the con-
straint equations which are essentially an elliptic system. We have to specify some part of the
data, then the other data will be derived from these free ones via constraints. Let
gµν |τ=1 =gµν0 (x), ∂τgµν |τ=1 = gµν1 (x), ρ|τ=1 = ρ0(x), vα|τ=1 = να(x).
Above initial data set (gµν0 (x), g
µν
1 (x), ρ0(x), ν
α(x)) can not be chosen arbitrarily. They must
satisfy the Gauss-Codazzi equations, which are equivalent to (Gµ0 − T µ0)|τ=1 = 0. Moreover,
they also satisfy the wave coordinates condition Zµ|τ=1 = 0, the precise definition of Zµ can be
found in Section 1.4.
There are a number of distinct methods available to solve these constraint equations. How-
ever, we do not intent to state or prove the exact initialization theo
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One can always use the similar method in [20, 21, 27, 28] which is an adaptation of the method
introduced by Lottermoser in [22] to recover the statements and proofs. The data exists but
may not be uniquely selected. In this article, we assume the data has already been selected
properly and only focus on the further evolutions as τ ց 0.
1.7. Main Theorem. With above notations, our main result is stated here and the proof will
be given in §5.
Theorem 1.13. Suppose k ∈ Z≥3, Λ > 0, gµν0 ∈ Hk+1(T3), gµν1 , ρ0, να ∈ Hk(T3), ρ0 > 0 for
all x ∈ T3 and the unknowns are determined by the data on the initial hypersurface that
(gµν , ∂τg
µν , ρ, ui)|τ=1 = (gµν0 , gµν1 , ρ0, να) (1.49)
which solves the constraint equations
(G0µ − T 0µ)|τ=1 = 0 and Zµ|τ=1 = 0.
The fluids for the Einstein-Euler system are the Makino-type fluids satisfying Assumption 1.3–
Assumption 1.5. Then there exists a constant4 σ > 0, such that if
‖gµν0 − ηµν(1)‖Hk+1 + ‖gµν1 − ∂τηµν(1)‖Hk + ‖ρ0 − ρ¯(1)‖Hk + ‖νi‖Hk < σ,
there exists a unique classical solution gµν ∈ C2((0, 1] × T3), ρ, vi ∈ C1((0, 1] × T3) to the
conformal Einstein-Euler system (1.27)–(1.28) that satisfies the initial data (1.49), the wave
gauge Zµ = 0 in (0, 1]× T3 and the following regularity conditions
(gµν , uµ, ρ) ∈
2⋂
ℓ=0
Cℓ((T1, 1], H
k+1−ℓ(T3))×
1⋂
ℓ=0
Cℓ((T1, 1], H
k−ℓ(T3))
×
1⋂
ℓ=0
Cℓ((T1, 1], H
k−ℓ(T3)), (1.50)
and the estimates that
‖gµν(τ)− ηµν(τ)‖Hk+1 + ‖∂κgµν(τ)− ∂κηµν(τ)‖Hk
+ ‖ρ(τ)− ρ¯(τ)‖Hk + ‖ui(τ)‖Hk . σ.
Remark 1.14. We do not include the asymptotics of the solutions in this article, but they can
be derived in a similar way to [30] involving some calculations of decay exponents.
1.8. Prior and related work. The stability problems of certain exact solutions to Einstein–
matter systems is important in mathematical general relativity and there are a lot of works
related to them. We only mention some of them which directly related to our current article,
readers can find more in these references. First, a well known and groundbreaking work by D.
Christodoulou and S. Klainerman is the stability of Minkowski spacetime [7] as a solution to
the Einstein-vacuum equations. Another remarkable approach based on the wave coordinates
is given by H. Lindblad and I. Rodnianski [17, 18].
To serve our purpose, we turn to the fully nonlinear future stability of Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) solutions with the positive cosmological constant which has been
well studied during this decade. H. Ringstro¨m [38] firstly investigate the future global non-
linear stability in the case of Einstein’s equations coupled to a non-linear scalar field T˜ µν =
∂˜µΨ∂˜νΨ − [1
2
g˜µν ∂˜
µΨ∂˜νΨ + V (Ψ)]g˜µν where, under the assumption that V (0) > 0, V
′
(0) =
0, V
′′
(0) > 0, V (Ψ) plays the role of the positive cosmological constant which appears in the
4This constant σ can be considered small eventually from the proof of this Theorem.
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most of the following works. The main observation of this paper is two-fold: First, the Einstein-
nonlinear scalar field system can be formulated as a system of nonlinear wave equations if
introducing generalized wave coordinates; Second, the problem under consideration describes
the accelerated expansion of the universe, and the expansion provides dispersive terms, which
leads to exponential decay for solutions. Inspired by H. Ringstro¨m’s work, I. Rodnianski and
J. Speck [40] established the future non-linear stability of these FLRW solutions with positive
cosmological constant and linear equation of state under the condition 0 < K < 1/3 and
the assumption of zero fluid vorticity. After that, M. Hadzˇic´ and J. Speck [12] and J. Speck
[43] answered that this future non-linear stability result remains true for fluids with non-zero
vorticity and also for the equation of state parameter valuesK = 0. By employing the conformal
method developed by H. Friedrich [9, 10], C. Lu¨bble and J. A. V. Kroon [23] proved the
above question for the equation of state parameter values K = 1/3 that is the pure radiation
universe. After these, T. Oliynyk [30] gave an alternative proof for non-linear future stability
problems of FLRW solutions based on conformal singular hyperbolic formulations of Einstein–
Euler equations, a completely different method comparing with above works, which provide
the basic tool of the current article for us. One advantage of the this method is that, under a
conformal transformation, by choosing the conformal factor and the source term of the wave
gauge and variables judiciously, the whole Einstein-Euler system can be turned into a symmetric
hyperbolic system with singular in time terms (with “good” sign) and solutions defined on
finite interval of time. By a variation of standard energy estimates, one can then get the global
nonlinear stability of a family of FLRW solutions and established the asymptotic behavior of
perturbed solutions in the far future. Finally, we point out that, in the regime K > 1
3
, [34] has
found some evidence for instability.
Inspired by the structure of the conformal singular hyperbolic equations in [30], C. Liu and
T. Oliynyk [19–21] answer a fundamental question: On what scales can Newtonian cosmological
simulations be trusted to approximate realistic relativistic cosmologies? They investigated the
fully nonlinear long time behavior of our universe basing on a small perturbation of the FLRW
metric with perfect fluid of linear equation of state and positive cosmological constant, and rig-
orously proving the errors of solutions between Newtonian gravity (governed by Poisson–Euler
equations) and general relativity (governed by Einstein–Euler equations) are well controlled
small for the long time future direction in suitable norms by judicious initial data selections.
That is, they establish the existence of 1-parameter families of ǫ-dependent solutions to the
Einstein–Euler equations with a positive cosmological constant Λ > 0 and a linear equation of
state p = ǫ2Kρ, 0 < K ≤ 1/3, for the parameter values 0 < ǫ < ǫ0. These solutions exist glob-
ally to the future, converge as ǫց 0 to solutions of the cosmological Poisson–Euler equations
of Newtonian gravity, and are inhomogeneous nonlinear perturbations of FLRW fluid solutions.
This cosmological Newtonian limit problem have been investigated for both the isolated version
(periodic universe) of cosmology [21] and the cosmological large space-time scales (multi-body
version of universe) [20]. These two results answered the feasibility of Newtonian approxima-
tions used in astrophysics for 100 years old with rigid mathematical proofs (astrophysicists use
this approximation as a hypothesis for a century) and intuitively, this question can be viewed as
a stability problem of general relativistic cosmological solution around the Newtonian gravity
in large scales.
We emphasize that the above results are obtained by assuming linear equation of state of
the perfect fluids. P. LeFloch and C. Wei [16] investigated the Einstein-Chaplygin fluids with
equation of state p = − A
ρϑ
with Λ = 0. This model is widely investigated by physicians as a
candidate for the dark energy. In [16], they only considered the irrotational fluids, such that the
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matter is indeed a scalar field, under which the mechanism for the accelerated expansion of the
spacetime is the negativity of the pressure (an analogue of positive cosmological constant). The
main idea comes from T. Oliynyk’s conformal singular hyperbolic equations [30] and the main
difference is that they choose different conformal factor to make sure that the equations satisfied
by the fluids are regular. However, this technique can not be applied to the general system due
to the normalization condition u˜µu˜µ = −1. Thus, one of the main motivations of this article is
to investigate the evolution of the general Chaplygin fluids in accelerated expanding spacetime.
It is worth noting that in 1994, U. Brauer, A. Rendall and O. Reula [6] proved a fully non-
linear future stability problem on the Newtonian cosmological model, which laid the foundation
on the corresponding stability problem in the Newtonian setting. By the classical energy esti-
mate, they showed the fluids with equation of state p = Kρ
n+1
n is globally stable in accelerated
expanding universe when the initial data are small.
On the other direction, I. Rodnianski and J. Speck [41, 42] has proven in the collapsing
direction t ց 0 the FLRW solution is globally nonlinearly stable under small perturbations
of its initial data at t = 1. They formulate their results in the constant mean curvature
(CMC)-transported spatial coordinates gauge. Along this direction, we point out another two
important works by L. Andersson and A. Rendall [1], and H. Rinstro¨m [37], respectively.
1.9. Overview of the method.
1.9.1. Motivations of Makino-type fluids. We firstly introduce a new class of fluids, Makino-
type fluids (§1.2), which includes several common and frequently used fluid models such as, by
direct verifying the definition in the next section, fluids with linear equation of state, Chaplygin
gases and polytropic gases, etc. As we have pointed out at the beginning of this paper, our
direct purpose of current article is to find out what types of fluids can guarantee the validity that
the future non-linear stability of FLRW solutions to the Einstein-Euler system with a positive
cosmological constant and try to identify as many fluids as possible. Once this type of fluids
cover a large class of reasonable set of fluids, then the stability problem of FLRW metric is
“stable” with respect to equations of state of this class of fluids in some sense. The assumptions
of Makino-type fluids come from the proof of the future non-linear stability of FLRW solutions
to the Einstein-Euler system with a positive cosmological constant. We carefully give these
assumptions to make sure the stability proof holds and contain as many types of fluids as
possible.
1.9.2. Conformal singular formulations of Einstein equations. The main tool of the proof of
the main Theorem 1.13 is the conformal singular hyperbolic formulation of [30]. The idea of
writing conformal Einstein equations as this formulations belongs to [30] and is based on three
main ingredients:
(1) Conformal transformation with certain conformal factor Φ defined by (1.25). This is
reasonable because the conformal FLRW metric is close to the Minkowski metric which
simplify the geometry and calculations, and the conformal time coordinate τ ∈ (0, 1]
compatible with this conformal transformation compacifies the original time t ∈ [0,∞)
to a finite interval, which converts a long time problem to a short finite time one. The
cost of this compactification of time is the equation becomes singular in time but singular
in a “good” way.
(2) Wave gauge defined by (1.31)–(1.35). This is not surprising, because this wave gauge
comes from the standard one without source term via conformal transformations, and
this new source term eliminates and regulates the bad terms of the remainders to the
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suitable singular terms and regular terms consistent with the singular hyperbolic system
(A.1).
(3) Good analyzable variables given by (1.37)–(1.48) are the key part of writing Einstein
equations into the appropriate singular formulations (A.1).
By using these three ingredients, it is not hard to rewrite conformal Einstein system (1.29) into
a symmetric hyperbolic system with τ -singular term like (A.1).
1.9.3. Conformal singular formulations of Euler equations. In order to rewrite the Euler equa-
tions as the target singular equation, more attentions are required than the one with the linear
equation of state or Chaplygin gases due to the generality of this large class of fluids, and
these attentions constitute the main innovations of this article. Let us briefly point out the
difficulties here and address the key ideas about how to overcome these difficulties. Because of
differences between the structures of Makino-type (1) and (2) fluids, we have to write them to
the aimed singular system (A.1)–(A.2) in different ways.
Let us first concentrate on the Makino-type (1), and there are four steps to arrive at the
expect formulations. The first step is standard, by using the normalization relation of velocity
uµuµ = −1, Rendall’s projection (4.1) and reflection operator Mki defined in (4.4) to write the
conformal Euler equations (1.28) to a symmetric hyperbolic system (4.2)–(4.3) (this formulation
is widely used and can be found for, example, in [20, 21, 29, 32]). For the problem away from
τ = 0, this formulation is symmetric hyperbolic equation. However, when τ is close to 0, the
coefficient matrix will degenerate, which destroys the structure of hyperbolicity of this system.
In specific, multiplying suitable factors, for example, s2/(ρ + p) on both sides of (4.2) and
ρ + p on both sides of (4.3), then (4.2)–(4.3) become symmetric. However, from the behavior
of the background density ρ¯ց 0 and pressure p¯ց 0, as τ → 0 (see (2.5)–(2.6)), the expecting
behaviors of ρ and p due to small perturbation of initial data ρ¯(1) and p¯(1) are also ρց 0 and
p ց 0 as τ → 0, which leads some of elements of the coefficient matrix of above symmetric
hyperbolic system tend to 0 or ∞ as τ → 0. The degenerated coefficients when time is close to
0 violate the Condition (V) in Appendix A.
In step two, the idea to overcome above difficulty is to generalize the idea of the non-
degenerated symmetrization of Euler equations originated by Makino [25] who firstly came
up this formulation for polytropic fluids in a compact set in Newtonian setting. We extract
the key properties of his idea which is enclosed in the definition of Makino-type fluids §1.2 to
write above degenerated equations to a non-degenerated hyperbolic system by introducing a
new density variable α defined by Assumption 1.3. However, this is still not enough to apply
the theorem in Appendix A, because the current variable α− α¯ can not make sure some of the
remainders in Einstein equation to be regular in τ (eventually, we need the complete Einstein-
Euler system to be the target singular system in Appendix A). In other words, The variable
α− α¯ in above system is not a suitable one of the singular hyperbolic system.
In order to eliminate the singular terms in Einstein equation, we choose, in step three, δζ as
the variable describing the density instead of α − α¯. With the help of Assumption 1.4.(1.11),
the remainder terms including (ρ− ρ¯)/τ 2 and (p− p¯)/τ 2 in the Einstein equations are regular
in τ and analytic in δζ , see (3.42). After changing α− α¯ to δζ , ui have to been changed to vi
defined by ui = β(τ)vi to make sure this system to be symmetric. Hence, we have to change
the variables of fluids from (α− α¯, ui) to (δζ, vi) to rewrite the equations.
However, rescaling the velocity to vi by β brings a new singular term ∂τg
0l
β(τ)
in Euler equa-
tions. Although equations (4.19)–(4.20) seem to be consistent with the non-degenerated sin-
gular hyperbolic system given in Appendix A, the remainders involves τ -singular terms of u00i ,
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u0j and u0j0 in a “bad” way in (4.29), which destroys the structure of the singular term in
the system of Appendix A. In order to conquer this difficulty, we introduce a new variable
vk = vk − Ag0k = vk − 2τAu0k, where A = − 3s¯2
ωβ(τ)
. This new variable adjusts the relations
of u0j and u0j0 to a “good” form, which leads to the “right” formulation of the full set of
Einstein–Euler system agreeing with the model (A.1) in Appendix A.
For Makino-type (2) fluids that implies β ≡ constant, by (1.11) in Assumption 1.4, we only
need to proceed the first and second steps as above Makino-type (1) fluids, but give up Step
3–4. However, we have to change uj to uq, otherwise, Condition (VI) in Appendix A fails due
to the degeneracy of BP and Pu is the velocity uj, by letting Pu = 0 in P⊥B(t, u)P and noting
uq = gq0u
0 + gqiu
i, then P⊥B(t,P⊥u)P = PB(t,P⊥u)P⊥ 6= 0. A good expression of the Euler
equations verifying Condition (VI) in Appendix A relies on the variable uq instead of u
i. We
only need to rewrite the Euler equations in terms of variables (δζ, uq) further to obtain the
system consistent with the model equation (A.1) in Appendix A.
1.10. Paper outline. In §2, we first analyze some key asymptotic properties of the background
solutions, and then verify that several common and frequently used examples belong to Makino-
type fluids.
In §3, we employ the variables (1.37)–(1.48) and the wave gauge (1.31)–(1.35) to write the
conformal Einstein system, given by (1.29), as a symmetric hyperbolic system, see (3.23)–(3.25),
that is singular in τ . The method of this transformation comes from [30] originally.
In §4, we further write conformal Euler equation (1.28) as the non-degenerated singular
symmetric hyperbolic system satisfying the conditions in the Appendix A for Makino-type (1)
and (2) fluids respectively. This section is the main innovation of this article and the goal of
this section is to arrive at equations (4.38) and (4.47). The key to achieve this goal is to choose
the right variables. For Makino-type (1), we propose a four-step process to reach it and for
Makino-type (2), the appropriate variable of velocity is ui instead of u
j.
In §5, we complete the proof of Theorem 1.13 by using the results from §3 to §4 to verify
that all the conditions from the model equation (A.1) in Appendix A hold for the formulation
(5.2) and (5.24) of the conformal Einstein-Euler equations. This allows us to apply Theorem
A.1 to obtain the desired conclusion.
In the Appendix A, The slightly revised version of Theorem of singular hyperbolic equations
has been introduced and pointed how to revise the proof due to the revision of the statement.
2. Examples of Makino-type fluids
Before proceeding to the examples of Makino-type fluids, let us first derive some general
properties of the background solutions which will play the role as the center of perturbations.
2.1. Analysis of FLRW spacetimes. Einstein equations for the FLRW solutions reduce to
the Friedman equations
−3ω2 − Ω +
( ρ¯− p¯
2
+ Λ
)
=0 (2.1)
and
−6Ω− 6ω2 + 2Λ− (ρ¯+ 3p¯) =0 (2.2)
where we recall Ω(τ) = −τω∂τω is defined by (1.30). The background solution verifies the
Euler equations that
∂0ρ¯ =
3
τ
(ρ¯+ p¯). (2.3)
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In fact, equations (2.1), (2.2) and (2.3) form the Einstein-Euler system for the background
FLRW solutions.
Let us estimate several crucial quantities which characterize the asymptotic behaviors of the
background. First note that (2.1) and (2.2) yield
ω2 =
1
3
(Λ + ρ¯) and Ω = − ρ¯+ p¯
2
. (2.4)
Due to the fact that p = p(ρ) = c2s(K0ρ)ρ where K0 ∈ (0, 1), with te help of (1.17), we derive
0 ≤ p¯ ≤ 1
3
ρ¯. (2.5)
Then integrating (2.3), with the help of (2.5) and (2.4), yields
τ 4ρ¯(1) ≤ ρ¯(τ) ≤ τ 3ρ¯(1), (2.6)
1
3
ρ¯(1)τ 4 ≤ ω2 − Λ
3
≤ 1
3
ρ¯(1)τ 3, (2.7)
−2
3
τ 3ρ¯(1) ≤ Ω ≤ −1
2
τ 4ρ¯(1) (2.8)
and
3τ 3ρ¯(1) ≤ ∂τ ρ¯ ≤ 4τ 2ρ¯(1). (2.9)
Moreover, recalling ψ(τ) in (1.36), let us estimate its time derivative which will be used in the
derivations of reduced conformal Einstein equations. By (2.4), we arrive at
∂τψ(τ) = ∂τ
(
3ω2 +
3
2
Ω
)
= ∂τ ρ¯− 3
4
∂τ (ρ¯+ p¯) =
1
4
∂τ ρ¯− 3
4
∂τ p¯. (2.10)
Note that
∂τ p¯ = c¯
2
s∂τ ρ¯ ∈
[
0,
1
3
∂τ ρ¯
]
. (2.11)
Gather (2.9)–(2.11) together, we arrive at
0 ≤ ∂τψ(τ) ≤ τ 2ρ¯(1). (2.12)
In addition, direct calculations show that
∂2τω =
1
τ 2ω
ρ¯+ p¯
2
( Ω
ω2
− 1
)
+
1
τω
1
2
(∂τ ρ¯+ ∂τ p¯) (2.13)
with the help of (2.6)–(2.12), (2.13) implies that ω ∈ C2([0, 1]).
2.2. Examples of Makino-type fluids. In this section, we give three examples of Makino-
type fluids, which demonstrates that the set of Makino-type fluids is non-empty.
2.2.1. The polytropic gas. Suppose the equation of state of the polytropic gas is given by
p = Kρ
n+1
n (2.14)
for n ∈ (1, 3). We also assume the initial homogeneous, isotropic density is bounded by
0 < ρ¯(1) ≤ 1
(4Kn(n+ 1))n
(
2n
√
1
3
(
1− 3
2n
))2n
. (2.15)
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We introduce the standard relationship between ρ and α to define Makino density α which
are (for details, see, for example, [26, 32])
ρ =µ(α) =
1(
4Kn(n + 1)
)nα2n (2.16)
and
λ =λ(α) =
(
1 +
1
4n(n + 1)
α2
)−1
. (2.17)
Direct calculations imply that
p =
K
(4Kn(n+ 1))n+1
α2(n+1) and s =
α
2n
. (2.18)
Furthermore,
dµ(α)
dα
=
2n(
4Kn(n+ 1)
)nα2n−1 = λ(α)(ρ+ p)
s(α)
,
which verifies Assumption 1.3.
In order to verify Assumption 1.4 and 1.5, we first calculate the background density α¯.
Integrating (2.3) yield ∫ ρ¯(τ)
ρ¯(1)
dξ
ξ + p(ξ)
= ln τ 3. (2.19)
Combining equation of state (2.14), transformation (2.16) and (2.19) yields
2n
∫ α¯(τ)
α¯(1)
dy
y
(
1 + 1
4n(n+1)
y2
) = ln τ 3
which, in turn, implies
α¯(τ) = τ
3
2nQ(τ) ∈ [0, α¯(1)] (2.20)
where
Q(τ) =
(
1
α¯2(1)
+
1
4n(n+ 1)
− 1
4n(n+ 1)
τ
3
n
)− 1
2
for τ ∈ [0, 1]. Now let us continue to verify Assumptions 1.4–1.5.
For every n ∈ (1, 3) there exists a ε ∈ (0, 1] such that n ∈ (3−ε
2
, 3−ε], we take ς = 3−ε, β(τ) =
(C∗δˆ)−1τ (3−ε)/(2n) ∈ C[0, 1] ∩ C1(0, 1] (where, we recall, C∗ and δˆ are defined in Assumption
1.5.(1) and 1.3, respectively) and
̺
(
τ, y
)
=
(C∗δˆ)−2n(
4Kn(n+ 1)
)n((y + (C∗δˆ)τ− 3−ε2n α¯)2n − ((C∗δˆ)τ− 3−ε2n α¯)2n), (2.21)
then ̺ ∈ C([0, 1], C∞(R)), ̺(τ, 0) = 0, τ (3−ε)/(2n) & τ and χ(τ) = (3 − ε)/(2n). Moreover,
transformation (2.21) yields
µ(α)− µ(α¯) =τ 3−ε[µ(τ−(3−ε)/(2n)α)− µ(τ−(3−ε)/(2n)α¯)]
=τ 3−ε̺
(
τ, (C∗δˆ)τ−(3−ε)/(2n)(α− α¯)),
which verifies Assumption 1.4.
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Equations(2.17), (2.18) and (2.20) lead to
λ¯ = λ(α¯) =
(
1 +
1
4n(n+ 1)
α¯2
)−1
and s¯ = s(α¯) =
α¯
2n
.
It is clear that s¯ . β(τ) by (2.20). Noting that n ∈ (3−ε
2
, 3−ε] leads to τ 32n < τ 6−ε2n −1 . τ ǫ2n . 1
and τ 1+
ǫ
n < τ
3
n
−1 . τ
ǫ
n . 1, we calculate the quantity
λ′(α¯)∂τβ(τ) = − 1
2n(n + 1)
(
3− ε
2n
τ
6−ε
2n
−1Q(τ)
)(
1 +
1
4n(n+ 1)
α¯2
)−2
(C∗δˆ)−1 . 1
and
s¯
τ
λ′(α¯) = − 1
2n(n + 1)
(
τ
3
n
−1Q(τ)2
2n
)(
1 +
1
4n(n+ 1)
α¯2
)−2
. 1.
Then, calculate quantity
1
3
χ(τ) +
ε
6n
=
1
2n
≤ q′(α¯) = 1
2n
+
3α¯2
8n2(n+ 1)
≤ 1
3
χ(τ) +
ε
6n
+
3α¯2(1)
8n2(n+ 1)
,
and noting n ∈ (3−ε
2
, 3− ε] implies 1− 3−ε
2n
> 0, then (2.15) implies
0 < α¯(1) ≤ 2n
√
1
3
(
1− 3
2n
)
,
which, in turn, yields
1− 3s¯2 − χ(τ) =1− 3α¯
2
4n2
− 3− ε
2n
≥ 1− 3α¯
2(1)
4n2
− 3− ε
2n
≥ 3
2n
− 3− ε
2n
=
ε
2n
.
It is evident that (1.13) holds and then, Assumption 1.5 can be concluded. We have verified
all the Assumptions 1.3–1.5 now and this means this type of polytropic fluids is Makino-type.
2.2.2. Fluids with the linear equation of state. Suppose the equation of state of this fluid is
p = Kρ (2.22)
for K ∈ (0, 1
3
]. Using (2.22) and (2.3) arrive at
ρ¯ = ρ¯(1)τ 3(1+K).
Let the set {λ(α), ̺, ς, β(τ)} be
α = µ−1(ρ) =
∫ ρ
ρ¯(1)
dξ
ξ + p(ξ)
=
1
1 +K
ln
ρ
ρ¯(1)
, λ(α) ≡
√
K, β(τ) ≡ 1,
ς = 3(1 +K) and ̺(τ, y) = ρ¯(1)[e(1+K)y − 1].
Then ̺ ∈ C([0, 1], C∞(R)) and ̺(τ, 0) = 0. It is easy to calculate that
α¯ = µ−1(ρ¯) =
∫ ρ¯
ρ¯(1)
dξ
ξ + p(ξ)
=
1
1 +K
ln
ρ¯
ρ¯(1)
= ln τ 3,
s(α) ≡ λ(α) ≡
√
K, and µ(α) = ρ¯(1)e(1+K)α,
Direct calculations, with the help of s¯ = s(α¯) = λ¯ = λ(α¯) =
√
K, show that s¯ . β(τ), and
dµ(α)
dα
= (1 +K)µ(α) = (1 +K)ρ¯(1)e(1+K)α =
λ(α)(ρ+ p)
s(α)
,
µ(α)− µ(α¯) = τ 3(1+K)(ρ¯(1)e(1+K)(α−α¯) − ρ¯(1)) = τ 3(1+K)̺(τ, α− α¯),
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and
λ′(α¯)∂τβ(τ) ≡ 0, s¯
τ
λ′(α¯) ≡ 0,
which is enough to conclude Assumptions 1.3, 1.4, (1.12) in Assumption 1.5.
Note that q ≡ 1, and
1− 3s¯2 = 1− 3K =
{
0 if K = 1
3
,
1− 3K > 0 if 0 < K < 1
3
,
which verifies Assumption 1.5. Therefore, we conclude that this fluid is Makino-type.
2.2.3. Chaplygin gases. Suppose the equation of state of Chaplygin gases is expressed by
p = − Λ
1+ϑ
(ρ+ Λ)ϑ
+ Λ (2.23)
for ϑ ∈ (0,√1
3
)
. It is easy to check that p(0) = 0. Equation (2.19), with the help of (2.23),
leads to
(ρ¯+ Λ)ϑ+1 − Λϑ+1 = τ 3(1+ϑ)[(ρ¯(1) + Λ)ϑ+1 − Λϑ+1].
We take {λ(α), ̺, ς, β(τ)} as
α = µ−1(ρ) =
∫ ρ
ρ¯(1)
dξ
ξ + p(ξ)
=
1
ϑ+ 1
ln
(ρ+ Λ)ϑ+1 − Λϑ+1
(ρ¯(1) + Λ)ϑ+1 − Λϑ+1 , (2.24)
λ(α) =
ϑΛ1+ϑ
Λϑ+1 + [(ρ¯(1) + Λ)ϑ+1 − Λϑ+1]e(ϑ+1)α , (2.25)
β(τ) =1, ς = 3(1 + ϑ) and ̺(τ, y) = τ−3(1+ϑ)(µ(y + α¯)− µ(α¯)). (2.26)
It is easy to calculate that
α¯ =µ−1(ρ¯) =
1
ϑ+ 1
ln
(ρ¯+ Λ)ϑ+1 − Λϑ+1
(ρ¯(1) + Λ)ϑ+1 − Λϑ+1 = ln τ
3, (2.27)
µ(α) =Λ
{
1 +
[(
1 +
ρ¯(1)
Λ
)ϑ+1 − 1]e(ϑ+1)α} 1ϑ+1 − Λ, (2.28)
µ(α¯) =Λ
{
1 +
[(
1 +
ρ¯(1)
Λ
)ϑ+1 − 1]τ 3(ϑ+1)} 1ϑ+1 − Λ, (2.29)
and
s(α) =λ(α) =
√
p′(ρ) =
ϑΛ1+ϑ
Λϑ+1 + [(ρ¯(1) + Λ)ϑ+1 − Λϑ+1]e(ϑ+1)α
>
ϑ
1 + [( ρ¯(1)
Λ
+ 1)ϑ+1 − 1]e(ϑ+1)K1 > 0, (2.30)
for |α| ≤ K1 (recall the fact that α ∈ Iα and Iα is compact). Then, (2.28), (2.29) and (2.26),
with the help of mean value theorem, implies
̺(τ, α− α¯) =τ−3(1+ϑ)(µ(α)− µ(α¯))
=e−(ϑ+1)α¯Λ
[(
1 +K3e
(ϑ+1)α
) 1
ϑ+1 − (1 +K3e(ϑ+1)α¯) 1ϑ+1 ]
=Λ(1 +K3τ
3(1+ϑ)e(ϑ+1)K2(α−α¯))
1
ϑ+1
−1K3e
(ϑ+1)K2(α−α¯)(α− α¯)
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for some K2 ∈ (0, 1), where K3 =
[(
1 + ρ¯(1)
Λ
)ϑ+1 − 1]. Therefore, ̺ ∈ C([0, 1], Cω(R)) and
̺(τ, 0) = 0.
Direct calculations using (2.19), (2.26), with the help of (by (2.27) and (2.30))
s¯ = s(α¯) = λ¯ = λ(α¯) =
ϑΛ1+ϑ
Λϑ+1 + τ 3(1+ϑ)[(ρ¯(1) + Λ)ϑ+1 − Λϑ+1] < ϑ . β
and
λ′(α¯) = −(1 + ϑ)ϑΛ
1+ϑ[(ρ¯(1) + Λ)1+ϑ − Λ1+ϑ]τ 3(1+ϑ)[
Λϑ+1 + τ 3(1+ϑ)[(ρ¯(1) + Λ)ϑ+1 − Λϑ+1]]2
show that
dµ(α)
dα
=
λ(α)(ρ+ p)
s(α)
= ρ+ p,
µ(α)− µ(α¯) = τ 3(1+ϑ)̺(τ, α− α¯),
and λ′(α¯)∂τβ(τ) ≡ 0,
s¯
τ
λ′(α¯) =− (1 + ϑ)ϑ
2Λ2(1+ϑ)[(ρ¯(1) + Λ)1+ϑ − Λ1+ϑ]τ 3(1+ϑ)−1[
Λϑ+1 + τ 3(1+ϑ)[(ρ¯(1) + Λ)ϑ+1 − Λϑ+1]]3 . 1,
which is enough to conclude Assumptions 1.3, 1.4, (1.12) in Assumption 1.5, and note that
q ≡ 1, and because 0 < ϑ <
√
1
3
,
1− 3s¯2 =1− 3
(
ϑΛ1+ϑ
Λϑ+1 + τ 3(1+ϑ)[(ρ¯(1) + Λ)ϑ+1 − Λϑ+1]
)2
≥1− 3ϑ2 > 0
for τ ∈ [0, 1], which verifies Assumption 1.5. Therefore, we are able to conclude that the
generalized Chaplygin gases are Makino-type.
3. Singular hyperbolic formulations of the conformal Einstein equations
This section contributes to derive the singular hyperbolic formulations of the conformal
Einstein equations using the method initiated in [30], and applied in [16, 20, 21]. Readers
who are familiar with this approach can quickly browse but pay more attentions to the next
section on conformal Euler equations which involve main difficulties and contribute to the main
innovations of this article.
3.1. The reduced conformal Einstein equations. With the help of the wave coordinates
Zµ defined by (1.35), we transform conformal Einstein equation to the gauge reduced one,
−2Rµν+2∇(µZν) + Aµνκ Zκ = −4∇µ∇νΦ + 4∇µΦ∇νΦ
−2
[
2gΦ + 2|∇Φ|2g + (
ρ− p
2
+ Λ)e2Φ
]
gµν − 2e2Φ(ρ+ p)uµuν, (3.1)
where
Aµνκ = −X(µδν)κ + Y (µδν)κ .
Direct calculations yield
2∇(µZν) = 2∇(µΓν) + ∂τ
(
2ψ(τ)
3τ
)
(gµ0δν0 + g
ν0δµ0 )−
2ψ(τ)
3τ
∂τg
µν − 4∇µ∇νΦ (3.2)
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and
Aµνk Z
κ = −Γ(µΓν) + 4∇µΦ∇νΦ− 4ψ(τ)
3τ
(∇µΦδν0 +∇νΦδµ0 ) +
4Λ2(τ)
9τ 2
δµ0 δ
ν
0 . (3.3)
Reduced Einstein equations (3.1) and (3.2)–(3.3) lead to
−2Rµν+2∇(µΓν) − ΓµΓν = 2ψ(τ)
3τ
∂τg
µν − 2∂τψ(τ)
3τ
(gµ0δν0 + g
ν0δµ0 )
−4ψ(τ)
3τ 2
(
g00 +
ψ(τ)
3
)
δµ0 δ
ν
0 −
4ψ(τ)
3τ 2
g0iδ
(µ
0 δ
ν)
i −
2
τ 2
gµν
(
g00 +
ψ(τ)
3
)
+
2
τ 2
(
ψ(τ)− Λ− ρ− p
2
)
gµν − 2e2Φ(ρ+ p)uµuν . (3.4)
Recalling the formula (e.g., see [11, 39])
Rµν =
1
2
gλσ ∂λ∂σg
µν +∇(µΓν) + 1
2
(Qµν −XµXν), (3.5)
where
Qµν(g, ∂g) =g¯λσ∂¯λ(g¯
αµg¯ρν)∂¯σg¯αρ + 2g¯
αµΓ¯ηλαg¯ηδ g¯
λγg¯ρνΓ¯δργ
+ 4Γ¯λδη g¯
δγ g¯λ(αΓ¯
η
ρ)γ g¯
αµg¯ρν + (Γ¯µ − γ¯µ)(Γ¯ν − γ¯ν), (3.6)
and inserting (3.5) and (3.6) into (3.4), with the help of (1.36), that is, ψ(τ)
3
= ω2 + Ω
2
, yields
−gκλ∂κ∂λgµν =2ω
2
τ
∂τg
µν − 4ω
2
τ 2
(g00 + ω2)δµ0 δ
ν
0 −
4ω2
τ 2
g0iδ
(µ
0 δ
ν)
i
− 2
τ 2
gµν(g00 + ω2)− 2Ω
τ 2
(g00 + ω2 +
Ω
2
)δµ0 δ
ν
0 −
Ω
τ
∂τg
µν
− 2
τ 2
ω2Ωδµ0 δ
ν
0 −
2Ω
τ 2
g0iδ
(µ
0 δ
ν)
i −
Ω
τ 2
gµν − 2∂τψ(τ)
3τ
(gµ0δν0 + g
ν0δµ0 )
+
2
τ 2
(
3ω2 + Ω− Λ− ρ− p
2
)
gµν
− 2e2Φ(ρ+ p)uµuν +Qµν(g, ∂g),
which is equivalent to
−gκλ∂κ∂λ(gµν − ηµν) =2ω
2
τ
∂τ (g
µν − ηµν)− 4ω
2
τ 2
(g00 + ω2)δµ0 δ
ν
0
− 4ω
2
τ 2
g0iδ
(µ
0 δ
ν)
i −
2
τ 2
gµν(g00 + ω2) + Hµν , (3.7)
where
Hµν =(gκλ − ηκλ)∂κ∂ληµν − 2Ω
τ 2
(g00 + ω2)δµ0 δ
ν
0 −
Ω
τ
∂τ (g
µν − ηµν)− 2Ω
τ 2
g0iδ
(µ
0 δ
ν)
i
− Ω
τ 2
(gµν − ηµν)− 2∂τψ(τ)
3τ
(
(gµ0 − ηµ0)δν0 + (gν0 − ην0)δµ0
)
− 1
τ 2
(ρ− ρ¯− p+ p¯)(gµν − ηµν)− 2
τ 2
(
ρ− ρ¯− (p− p¯)
2
)
ηµν
− 2
τ 2
[
(ρ− ρ¯+ p− p¯)uµuν + (ρ¯+ p¯)(uµuν − u¯µu¯ν)
]
+Qµν(g, ∂g)−Qµν(η, ∂η),
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and we have applied the identity 3ω2 − Λ + Ω− ρ−p
2
= −1
2
(ρ− ρ¯− p+ p¯) due to (2.4).
Remark 3.1. Note that, by (3.6), Qµν(g, ∂g) are quadratic in ∂g = (∂κg
µν) and analytical in
g = (gµν).
Remark 3.2. Note that terms with 2∂τψ(τ)
3τ
is regular in τ due to the estimate (2.12).
Definitions (1.38)–(1.40) imply
g0µ − η0µ = 2τu0µ, ∂i(g0µ − η0µ) = u0µi and ∂τ (g0µ − η0µ) = u0µ0 + 3u0µ. (3.8)
Then, by letting ν = 0, with the help of (3.8), the equation (3.7) becomes
− g00∂τu0µ0 − 2g0i∂iu0µ0 − gij∂ju0µi
=
1
τ
[
−g
00
2
(u0µ0 + u
0µ)
]
+ 6u0iu0µi + 4u
00u
0µ
0 − 4u00u0µ + H0µ. (3.9)
Differentiating (1.40), which is the definition of u0µj , implies
∂τu
0µ
j = ∂τ∂j(g
0µ − η0µ) = ∂j(u0µ0 + 3u0µ) = ∂ju0µ0 +
3
2τ
u
0µ
j ,
namely
∂τu
0µ
j − ∂ju0µ0 =
3
2τ
u
0µ
j .
Then, differentiating (1.38) yields
∂τu
0µ = ∂τ
(
g0µ − η0µ
2τ
)
=
u
0µ
0 + 3u
0µ
2τ
− g
0µ − η0µ
2τ 2
=
1
2τ
(u0µ0 + u
0µ). (3.10)
For the spatial components, a more delicate transformation is applied to the µ = i, ν = j
components of (3.7) in order to rewrite those equations into the desired singular hyperbolic
form. The first step is to contract (µ, ν) = (i, j) components of (3.7) with gˇij, where we
recall that (gˇpq) = (g
pq)−1 . A straightforward calculation, using the identity gˇpq∂µg
pq =
− det(gpq)∂µ det(gpq)−1 and (3.7) with (µ, ν) = (0, 0), recalling the definition of q in (1.37),
which is
q = g00 − η00 + η
00
3
ln(det(gij)),
leads to
∂λq = ∂λ(g
00 + ω2)− ω
2
3
gˇpq∂λg
pq − 2ωδ
0
λ∂τω
3
ln(det(gpq)). (3.11)
Then differentiating (3.11), we arrive at
∂κ∂λq = ∂κ∂λ(g
00 + ω2)− ω
2
3
gˇpq∂κ∂λg
pq + Fκλ, (3.12)
where
Fκλ =− ω
2
3
∂κgˇpq∂λg
pq − 2ω∂τωδ
0
κ
3
gˇpq∂λg
pq − 2(∂τω)
2
3
δ0λδ
0
κ ln(det(g
pq))
− 2ω∂
2
τω
3
δ0λδ
0
κ ln(det(g
pq))− 2ω∂τω
3
δ0λgˇpq∂κg
pq.
Contracting (3.12) by −gκλ and substituting the corresponding second derivative terms by
(3.7), with the help of (1.43)-(1.44), result the equation
−gκλ∂κ∂λq =− gκλ∂κ∂λ(g00 + ω2) + ω
2
3
gˇpqg
κλ∂κ∂λg
pq − gκλFκλ
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=
2ω2
τ
∂τ (g
00 + ω2)− 4ω
2
τ 2
(g00 + ω2)− 2
τ 2
g00(g00 + ω2) + H00
− ω
2
3
gˇpq
(2ω2
τ
∂τg
pq − 2
τ 2
gpq(g00 + ω2) + Hpq
)
− gκλFκλ
=− 2
τ
g00∂τq+ 4u
00∂τq− 8(u00)2 + F, (3.13)
where
F = H00 − ω
2
3
gˇpqH
pq +
4ω3∂τω
3τ
ln(det(gpq))− gκλFκλ.
Furthermore, by (1.44), the equation (3.13) is equivalent to
−g00∂τu0 − 2g0i∂iu0 − gij∂iuj = −2
τ
g00u0 + 4u
00u0 − 8(u00)2 + F. (3.14)
Using (1.43)–(1.44) and differentiating them imply that
∂τuj =∂τ∂jq = ∂j∂τq = ∂ju0, (3.15)
and
∂τu =∂τq = u0. (3.16)
Introduce an operator
L
ij
lm = δ
i
lδ
j
m −
1
3
gˇlmg
ij. (3.17)
Direct calculations yield
∂µg
ij = (det(gˇpq))
1
3L
ij
lm∂µg
lm and Lijlmg
lm = 0. (3.18)
Let us turn to gij − δij . Applying (det(gˇpq)) 13Lijlm to (3.7) with (µ, ν) = (l, m), with the help of
(3.17)–(3.18), direct calculations give
−gκλ∂κ∂λgij =− gκλ∂κ[(det(gˇpq)) 13Lijlm∂λglm]
=(det(gˇpq))
1
3L
ij
lm(−gκλ∂κ∂λglm)− gκλ∂κ[(det(gˇpq))
1
3L
ij
lm]∂λg
lm
=(det(gˇpq))
1
3L
ij
lm
(
2ω2
τ
∂τ (g
lm − ηlm)− 2
τ 2
glm(g00 + ω2) + Hlm
)
− gκλ∂κ[(det(gˇpq)) 13Lijlm]∂λglm
=
2ω2
τ
∂τg
ij +Rij , (3.19)
where
Rij = (det(gˇpq))
1
3L
ij
lmH
lm − gκλ∂κ[(det(gˇpq)) 13Lijlm]∂λglm.
Then, inserting (1.41)–(1.42) into (3.19), we arrive at
−g00∂τuij0 − 2g0i∂iuij0 − gpq∂puijq = −
2
τ
g00uij0 + 4u
00u
ij
0 +R
ij . (3.20)
Direct differentiating (1.42) and (1.41) also gives
∂τu
lm
j =∂τ∂jg
lm = ∂j∂τg
lm = ∂ju
lm
0 (3.21)
and
∂τu
lm =∂τ (g
lm − δlm) = ∂τglm = ulm0 . (3.22)
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Collecting (3.9)–(3.10), (3.20)–(3.22) and (3.14)–(3.16) together, we transform the reduced
conformal Einstein equations into the following singular symmetric hyperbolic formulation,
Aκ∂κ
 u0µ0u0µj
u0µ
 = 1
τ
AP⋆
 u0µ0u0µj
u0µ
+ F1, (3.23)
Aκ∂κ
 ulm0ulmj
ulm
 = 1
τ
(−2g00)Π
 ulm0ulmj
ulm
 + F2, (3.24)
and
Aκ∂κ
 u0uj
u
 = 1
τ
(−2g00)Π
 u0uj
u
 + F3, (3.25)
where
A0 =
 −g00 0 00 gij 0
0 0 −g00
 , Ak =
 −2g0k −gjk 0−gik 0 0
0 0 0
 ,
P⋆ =
 12 0 120 δjl 0
1
2
0 1
2
 , A =
 −g00 0 00 3
2
gli 0
0 0 −g00
 ,
Π =
 1 0 00 0 0
0 0 0
 , F1 =
 6u0iu0µi + 4u00u0µ0 − 4u00u0µ + H0µ0
0
 ,
and
F2 =
4u00uij0 +Rij0
−g00ulm0
 , F3 =
4u00u0 − 8(u00)2 + F0
−g00u0
 .
3.2. Regular remainder terms. In order to apply the singular symmetric hyperbolic system
of Theorem A.1, we have to verify that H0µ, Hij , Rij , F belong to C0([0, 1], C∞(V)). The
similar examinations and the key calculations have appeared in [16, 20, 21]5. We only state the
main ideas and list the key results which are minor variations of the corresponding quantities
in [20, 21] and the similar calculations apply.
Let us denote
U := (u0µ0 ,u
0µ
i ,u
0µ,ulm0 ,u
lm
i ,u
lm,u0,ui,u)
T and V := (δζ, vi) (3.26)
and
V = R4 × R12 × R4 × S3 × (S3)3 × S3 × R× R3 × R× R× R3, (3.27)
First note
det(gij) = e
3(2τu00−u)
ω2 , (3.28)
then we have the following expansions
gij =δij + uij +
ηij
ω2
(2τu00 − u) + Sij(τ,u,uµν), (3.29)
5Let ǫ = vT /c ≡ 1. For more details please refer to [20, 21].
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∂λg
ij =uijλ +
ηij
ω2
(
2u00δ0λ + 2τu
00
i δ
i
λ + (u
00
0 + u
00)δ0λ − uλ
)
+
2Ωηijδ0λ
τω4
(2τu00 − u) + Sijλ (τ,u,uµν ,uµνσ ,uσ), (3.30)
gµν =ηµν + Sµν(τ,u,uµν), (3.31)
gˇij =δij + Sij(τ,u,uµν), (3.32)
g0µ =η0µ + 2τu0µ, (3.33)
∂τg
µ0 =uµ00 + 3u
µ0 + 2ω∂τωδ
µ
0 , (3.34)
∂σgµν =∂σηµν + Sµνσ(τ,uαβ,u,uαβγ ,uγ), (3.35)
g00 =η00 + τS00(τ,U), (3.36)
g0i =τS0i(τ,U), (3.37)
u0 =−
√
−η00 + τS(τ,U) + β2(τ)W(τ,U,V) + τβ(τ)V(τ,U,V), (3.38)
u0 =
1√−η00 + τS(τ,U) + β2(τ)W(τ,U,V) + τβ(τ)V(τ,U,V), (3.39)
ui =β(τ)gijv
j + 2τu0j
gkju
0
gilg0ig0l − g00
=β(τ)gijv
j + τSi(τ,U) + β2(τ)Wi(τ,U,V) + τβ(τ)Vi(τ,U,V). (3.40)
where we recall that the upper case callgraphic letters above and below obey the convention
in §1.1.5 and they vanish in ξ = 0. We also remark that because the exact forms of these
callgraphic remainders are not important, the remainders of the same letter may change from
line to line. In specific, in above (3.38)–(3.40), terms like V and W vanish in V = 0 as well.
The similar arguments to [21, Proposition 2.3] can be applied to
Qµν(g, ∂g)−Qµν(η, ∂η) = Sµν(τ, uαβ, u, uαβσ , uσ). (3.41)
By Assumption 1.4, we have identity
ρ− ρ¯
τ 2
= τ ς−2̺(τ, δζ) and
p− p¯
τ 2
= c2s
(
ρK4
)
τ ς−2̺(τ, δζ), (3.42)
where ρK4 := ρ¯ +K4(ρ − ρ¯) for some constant K4, where ̺ is defined in Assumption 1.4 and
we have used the mean value theorem above.
By the definitions of field variables (1.38)–(1.47) and expansions (3.28) and (3.29)–(3.40),
with the help of (2.5)–(2.12), (3.41) and (3.42), we conclude that Hµν , Rij , F belong to
C0([0, 1], C∞(V)) and can be expressed as
Hµν +Rij + F = S(τ,uαβ,u,uαβσ ,uσ, δζ, v
i) (3.43)
where S(τ, 0, 0, 0, 0, 0, 0) = 0.
4. Singular hyperbolic formulations of the conformal Euler equations
The main goal of this section is to derive the conformal Euler equations (4.38) and (4.47).
The idea of this section is new and contribute to the main innovation of this paper.
FUTURE STABILITY OF FLRW FOR A LARGE CLASS OF PERFECT FLUIDS 25
4.1. Formulation of conformal Euler equations for Makino-type (1) fluids. In this
section, we rewrite the conformal Euler equation (1.28) as a non-degenerated singular symmetric
hyperbolic system for Makino-type (1) fluids. To achieve that, a series of transformations have
been applied and we demonstrate them in the following four steps to make sure the difficulties
and the ideas how to overcome them clear for every step.
4.1.1. Step 1: symmetric hyperbolic formulations. Recall the conformal Euler equations (1.28)
∇µT˜ µν =− 6T˜ µν∇µΦ+ gκλT˜ κλgµν∇µΦ.
First note that differentiating (1.26) yields
uµ∇νuµ = 0
(
that is ∇νu0 = −ui
u0
∇νui
)
,
and define
Lµi = δ
µ
i −
ui
u0
δµ0 and Lkν = gνλL
λ
k . (4.1)
Then using the conformal fluid four velocity uµ and Lkν acting on above conformal Euler
equations (1.28), respectively yields the following formulation of conformal Euler equations (for
more details, we refer to [29, §2.2])
uµ∂µρ+ (ρ+ p)L
µ
i∇µui =− 3(ρ+ p)uµ∇µΦ, (4.2)
c2sL
µ
i
ρ+ p
∂µρ+Mkiu
µ∂µu
i =− Lµk∂µΦ, (4.3)
where c2s =
dp
dρ
and
Mki =gki − ui
u0
g0k − uk
u0
g0i +
uiuk
u20
g00. (4.4)
Then, by the normalization
g00(u
0)2 + 2g0iu
0ui + giju
iuj = −1,
we are able to recover u0 given by
u0 = −g0iu
i −√(g0iui)2 − g00(gijuiuj + 1)
g00
.
4.1.2. Step 2: non-degenerated symmetric hyperbolic formulations. We expect to rewrite (4.2)–
(4.3) into a singular symmetric hyperbolic system. Once multiplying suitable factors, for exam-
ple, s2/(ρ+ p) on both sides of (4.2) and ρ+ p on both sides of (4.3), then (4.2)–(4.3) become
symmetric. However, since the behavior of the background density ρ¯ց 0 and pressure p¯ց 0,
as τ → 0 (see (2.5)–(2.6)), the expecting behaviors of ρ and p due to small perturbation of initial
data ρ¯(1) and p¯(1) also satisfy that ρց 0 and p ց 0 as τ → 0, which leads some of elements
of the coefficient matrix of above symmetric hyperbolic system tend to 0 or ∞ as τ → 0. The
aim of our method is to use the Theorem A.1 of the singular symmetric hyperbolic equation in
Appendix A, but the probably degenerated coefficients around τ = 0 violate the condition (V)
in Appendix A. Hence it is not possible to represent this system in a non-degenerate form by
multiplying these factors.
In order to overcome this difficulty, we adopt and generalize the idea of the non-degenerated
symmetrization of Euler equations originated by Makino6 [25] (the idea is also clearly stated
6The idea has been generalized to the Makino-type fluids in this article rather than the polytropic ones.
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in, for example, [5, 26]). The key point is, for Makino-type fluids defined in §1.2, to introduce
a new density variable α defined by Assumption 1.3, such that (4.2)–(4.3) become
uµ
dµ
dα
∂µα + (µ+ µ
∗p)Lµi∇µui =− 3(µ+ µ∗p)uµ∇µΦ, (4.5)
Mkiu
µ∂µu
i +
s2Lµi
µ+ µ∗p
dµ
dα
∂µα =− Lµk∂µΦ. (4.6)
Recalling the non-degenerate function λ(α) of Makino fluids defined in Assumption 1.3 and
multiplying both sides of (4.5) by λ2(α)d(µ
−1)
dρ
, with the help of that dµ(α)
dα
dµ−1(ρ)
dρ
= 1, we obtain
λ2uµ∂µα + λ
2d(µ
−1)
dρ
(µ+ µ∗p)Lµi∇µui =− 3(µ+ µ∗p)λ2
d(µ−1)
dρ
uµ∇µΦ, (4.7)
Mkiu
µ∂µu
i +
s2Lµi
µ+ µ∗p
dµ
dα
∂µα =− Lµk∂µΦ. (4.8)
The relation (1.10) in Assumption 1.3 which is equivalent to
dµ(α)
dα
=
λ(α)(µ+ µ∗p)(α)
s(α)
(4.9)
ensures that the above system (4.7)–(4.8) is symmetric. This is because (4.9) implies
λ2(µ+ µ∗p)
d(µ−1)
dρ
=
s2dµ/dα
µ + µ∗p
= λs. (4.10)
In view of (4.10), equations (4.7)–(4.8) turn to
λ2uµ∂µα + λsL
µ
i∇µui =− 3λsuµ∇µΦ, (4.11)
λsLµi ∂µα +Mkiu
µ∇µuk =− Lµk∂µΦ, (4.12)
which is a non-degenerated symmetric hyperbolic equation and the coefficient matrix does not
include the trouble variables ρ and p.
Remark 4.1. In [29] (also see in [16, 20, 21, 30]), the author took another non-degenerated
symmetric hyperbolic formulation for (4.2)–(4.3), in which the new density variable is defined
by ξ = ξ(ρ) =
∫ ρ
ρ(1)
dy
y+p(y)
. Under this variable transformation, (4.2)–(4.3) become
s2uµ∂µξ + s
2Lµi∇µui =− 3s2uµ∂µΦ, (4.13)
s2Lµi ∂µξ +Miju
µ∇µuj =− Lµi ∂µΦ. (4.14)
It is evident that (4.11)–(4.12) coincide with (4.13)–(4.14) by choosing λ = s and α = ξ
provided s is non-degenerate (in fact, s =
√
K in [29]).
It is evident that (4.11)–(4.12) admit a homogeneous solution (α, uµ) = (α¯(τ),−ωδµ0 ), which
leads to
∂τ α¯ =
3
τ
q¯. (4.15)
Subtracting (4.11)–(4.12) by (4.15), we obtain the formulation of conformal Euler equations as
follows,
λ2uµ∂µ(α− α¯) + λsLµi ∂µui =
3
τ
λsu0 − 3
τ
λ2u0q¯ − λsLµi Γiµνuν, (4.16)
Mkiu
µ∂µu
k + λsLµi ∂µ(α− α¯) =L0i
1
τ
− 3
τ
λsL0i q¯ −MkiuµΓkµνuν . (4.17)
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4.1.3. Step 3: non-degenerated symmetric hyperbolic formulations of new “good” variables. Re-
call (1.45)–(1.48) which are
α = β(τ)ζ, α¯ = β(τ)ζ¯ , ui = β(τ)vi and δζ = ζ − ζ¯ , (4.18)
then re-express (4.16)–(4.17) in terms of these new variables (δζ, vi). They become
λ2uµ∂µδζ + λsL
µ
i ∂µv
i =S, (4.19)
λsLµi ∂µδζ +Mkiu
µ∂µv
k =Si, (4.20)
where
S =
1
τ
1
β
3λ2u0(q − q¯)− 1
τ
χ(τ)λ2u0δζ
+
1
τ
χ(τ)
(
λsgijβ(τ)v
j
u0
)
vi +
λsβ ′(τ)g0iu
0
β(τ)u0
vi − 1
β(τ)
(λsLµi Γ
i
µνu
ν),
and
Si =
1
τ
(
−gik
u0
(
1− 3s2 q¯
q
− χ(τ)β(τ)λsδζ
)
− χ(τ)Mkiu0
)
vk
+
1
τ
(
− 1
β(τ)
(1− 3s¯2)
)
g0iu
0
u0
+
1
τ
(
3(λs− λ¯s¯)s¯
λ¯β(τ)
+ χ(τ)λsδζ
)
g0iu
0
u0
− 1
β(τ)
(Mkiu
µΓkµνu
ν).
Remark 4.2. The variable α− α¯ in above system is not suitable for the purpose of formulating
the target singular hyperbolic system (A.1) in Appendix A, since, with the help of (1.11), the
remainder terms including (ρ− ρ¯)/τ 2 and (p− p¯)/τ 2 in the Einstein equations are regular in τ
and analytic in δζ instead of α − α¯, see (3.42), and the remainders have been represented by
(3.43) in terms of variables (τ,uαβ ,u,uαβσ ,uσ, δζ, v
i). In other words, if one use α − α¯ as the
variable, the remainders of the Einstein equation contain the 1
τ2
-singular terms. After changing
α − α¯ to δζ , ui have to been changed to vi to make sure this system to be symmetric. Hence,
we have to change the variables of fluids from (α− α¯, ui) to (δζ, vi). In summary, we emphasize
that use δζ instead of α− α¯ as the variable of the target equation (A.1) due to the requirement
of the regular remainders in the Einstein equations and adopt vi rather than ui because of the
requirement of the symmetric coefficient matrix of the Euler equations.
Next, in order to apply the singular hyperbolic system (A.1) in Appendix A, we have to
distinguish the singular (in τ) and the regular terms in S and Si. To achieve this, we expand
the following key quantities by direct calculations. With the help of (3.29)–(3.40), (4.4) becomes
Mik =gki + β
2(τ)Wki(τ,U,V) + β3(τ)Uki(τ,U,V)
+ τβ(τ)Vki(τ,U,V) + τSki(τ,U,V). (4.21)
Note that τβ, β3 and β2 ∈ C1([0, 1]) (by Assumption 1.4, 1.5 and (1.18)) which surely can be
absorbed into the Calligraphic remainders. However, later on we expect 1
τ
(Mik− gik) is regular
in τ and since β2, β3 and τβ . τ (due to the fact that β(τ) .
√
τ), it is better to expand Mik
in this form. Similarly, using (3.29)–(3.40), we expand
L0i =− ωβδijvj + βTi(τ,U,V) + τSi(τ,U,V)
+ β2Wi(τ,U,V) + τβVi(τ,U,V). (4.22)
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Calculating Γi00 yields
Γi00 =
1
2
gi0∂0g00 + g
ij∂0gj0 − 1
2
gij∂jg00
=τSi00(τ,uαβσ ,uµν ,u)− gjkgijη00(u0k0 + 3u0k) +
1
2
gij(η00)
2u00j .
Then by (3.29)–(3.40), further expand gives
Lµi Γ
i
µνu
ν =− ui
u0
Γi00u
0 − ui
u0
Γi0ju
j + δjiΓ
i
j0u
0 + δjiΓ
i
jku
k
=
u0
2
gik(∂igk0 + ∂τgki − ∂kgi0) + β(τ)S(τ,U,V). (4.23)
Noting
∂λgµν = −gµαgβν∂λgαβ,
we derive that
uµΓkµνu
ν =u0Γk00u
0 + 2uiΓki0u
0 + ujΓkjiu
i
=gkjgjl(u
0l
0 + 3u
0l)− g
kj
2
η00u
00
j + β(τ)S
k(τ,U,V). (4.24)
By the mean value theorem, express s(α)− s(α¯) and λ(α)− λ(α¯) in terms of δζ ,
s(α)− s(α¯) =s′(αK6)(α− α¯) = β(τ)s′(αK6)δζ (4.25)
and
λ(α)− λ(α¯) =λ′(αK5)(α− α¯) = β(τ)λ′(αK5)δζ, (4.26)
where αKℓ (ℓ = 5, 6) are intermediate points defined in §1.1.6 for some constantsK5, K6 ∈ (0, 1).
Since α− α¯ := β(τ)δζ , then
αKℓ := α¯ +Kℓ(α− α¯) = α¯ +Kℓβ(τ)δζ = S(τ, δζ). (4.27)
With the help of q = s/λ, we have
1− 3s2 q¯
q
=1− 3(λ− λ¯)sq¯ − 3(s− s¯)s¯− 3s¯2
=1− 3s¯2 − 3β(τ)λ′(αK5)sq¯δζ − 3β(τ)s′(αK6)s¯δζ,
and
q − q¯ =βq′(α¯)δζ + 1
2
β2q′′
(
αK7
)
(δζ)2,
where αK7 := α¯+K7(α− α¯) for constant K7 ∈ (0, 1). With the help of identities
gikg
ij = δjk − g0kg0j and gikgjlgij = glk − gikg0lg0i,
we can rewrite S and Si as follows
S =
1
τ
λ2u0
[
3q′(α¯) +
3
2
q′′
(
αK7
)
βδζ − χ(τ)
]
δζ +
1
τ
χ(τ)
(
λsgijβ(τ)v
j
u0
)
vi
+
λsβ ′(τ)g0iu
0
β(τ)u0
vi − λ s
β(τ)
u0
2
gik(∂igk0 + ∂τgki − ∂kgi0)− S(τ,U) (4.28)
and
Si =
1
τ
(
−gik
u0
(
1− 3s2 q¯
q
− χ(τ)β(τ)λsδζ
)
− χ(τ)Mkiu0
)
vk
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− 2
(
3(λs− λ¯s¯)s¯
λ¯β(τ)
+ χ(τ)λsδζ
)
giju
0j − 1
τ
τgij
β(τ)
(
(1 + 6s¯2)u0j + u0j0
)
+
η00u
00
i
2β(τ)
+ Si(τ,U,V). (4.29)
4.1.4. Step 4: non-degenerated symmetric hyperbolic formulations of new “better” variables.
As mentioned in Remark 4.2, we need to rescale the velocity to vi by β to ensure the system
to be symmetric. However, this brings a new singular term ∂τg
0l
β(τ)
in Si. Although equations
(4.19)–(4.20) seem to be consistent with the non-degenerated singular hyperbolic system given
in Appendix A, Si involves τ -singular terms of u
00
i , u
0j and u0j0 in a “bad” way in (4.29), which
destroys the structure of the singular term in the system of Appendix A. In order to overcome
this difficulty, we introduce a new variable
vk = vk − Ag0k = vk − 2τAu0k, (4.30)
where
A = A(τ) = − 3s
2(α¯(τ))√−η00β(τ) = − 3s¯
2
ωβ(τ)
. (4.31)
This new variable adjusts the relations between u0j and u0j0 to a “good” form via subtracting
2τAu0k (hence the equations at the end of this section will precisely agree with the one in
Appendix A). Note that by Assumption 1.5, s¯ . β, then A . 1 is a regular term.
Expressing (4.20) in terms of vk yields
Mkiu
µ∂µ(v
k) + λsLµi ∂µδζ = Mkiu
µ∂µ(Ag
0k) + Si. (4.32)
Then direct calculations give
Mkiu
µ∂µ(Ag
0k) + Si =
1
τ
(
−gik
u0
(
1− 3s2 q¯
q
− χ(τ)β(τ)λsδζ
)
− χ(τ)gkiu0
)
vk
− gij
(
1
β(τ)
((1 + 6s¯2)u0j + u0j0 ) +
√
−η00A(u0j0 + 3u0j)
)
+Mkiu
0(∂τA)g
0k +Mkiu
j∂j(Ag
0k) +
η00u
00
i
2β(τ)
+ Sˆi(τ,U, V˜). (4.33)
Let us focus on some dangerous terms on the right hand side of (4.33). By (4.31) and the
equation (4.15), we have
(∂τA)g
0k =− 2τu0k
(
6s¯
ωβ
s′(α¯)∂τ α¯− 3s¯
2∂τω
ω2β
)
+ 2χu0k
(
3s¯2
ωβ
)
=− u0k 36s¯
2
ωβλ¯
s′(α¯)− u0k 6Ωs¯
2
ω3β
+ 2χu0k
(
3s¯2
ωβ
)
. (4.34)
Assumption 1.5 and (2.8) imply (∂τA)g
0k is not singular in τ . Then, with the help of identities
1 + 6s¯2 + 3
√
−η00β(τ)A = 1− 3s¯2,
A∂τg
0k = A(u0k0 + 3u
0k) and ∂j(Ag
0k) = A∂jg
0k = Au0kj ,
we derive a further expression of (4.32)–(4.33),
λsLµi ∂µδζ +Mkiu
µ∂µ(v
k) =
1
τ
(
−gik
u0
(
1− 3s2 q¯
q
− χ(τ)β(τ)λsδζ
)
− χ(τ)gkiu0
)
vk
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− gij
τ
(
τ
β(τ)
(1− 3s¯2)(u0j0 + u0j)
)
+
1
τ
τη00u
00
i
2β(τ)
+ Sˆi(τ,U, V˜), (4.35)
where Sˆi satisfies Sˆi(τ, 0, 0) = 0.
Next, let us express (4.19) in terms of vk. Direct calculation gives
λ2uµ∂µδζ + λsL
µ
i ∂µv
i = S + λsLµi ∂µ(Ag
0i). (4.36)
Note that
∂µ(Ag
0i) = δ0µ(∂τA)g
0i + Aδ0µ(u
0i
0 + 3u
0i) + Aδjµu
0i
j
is regular in τ due to (4.34), and using (4.25) and Assumption 1.5.(1) that s¯ . β(τ),
s
β(τ)
=
s− s¯
β(τ)
+
s¯
β(τ)
= s′(αK6)δζ +
s¯
β(τ)
is also regular in τ , which can be absorbed into Fˆ(τ,U, V˜) in the following equation. Thus,
eventually, the equation (4.36) becomes
λ2uµ∂µδζ + λsL
µ
i ∂µv
i =
1
τ
λ2u0
[
3q′(α¯) +
3
2
q′′
(
αK7
)
βδζ − χ(τ)
]
δζ
+
χ(τ)
τ
(
β(τ)λsgijv
j
u0
)
vi + Fˆ(τ,U, V˜), (4.37)
where Fˆ(τ, 0, 0) = 0.
Gathering (4.35) and (4.37) together, we bring them to a matrix form
Nµ∂µV˜ =
1
τ
NP†V˜+
1
τ
(E0δ
0
µ + Eqδ
q
µ)U
µ + F (τ, V˜,U), (4.38)
where
V˜ = (δζ,vp)T , Uµ = (u0µ0 ,u
0µ
j ,u
0µ)T (4.39)
and
Nµ =
(
λ2uµ λsLµp
λsLµr Mrpu
µ
)
, E0 =
τη00
2β(τ)
(
0 0 0
0 δjr 0
)
,
N =
(
λ2u0
[
3q′(α¯) + 3
2
q′′
(
αK7
)
βδζ − χ(τ)] 1
u0
χ(τ)β(τ)λsgijv
j
1
u0
χ(τ)β(τ)λsgrjv
j −gir
u0
(
1− 3s2 q¯
q
)− χ(τ)griu0,
)
,
Eq = − τ
β(τ)
(1− 3s¯2)
(
0 0 0
grq 0 grq
)
, P† =
(
1 0
0 δip
)
.
and F = (Fˆ, Sˆi)
T .
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4.2. Formulation of conformal Euler equations for Makino-type (2) fluids. When β ≡
constant, by (1.11) in Assumption 1.4, the suitable variable of density is δζ = α − α¯ (see
Remark 4.2). Therefore, once obtaining (4.16)–(4.17), we do not need to proceed Step 3–4,
that is, §4.1.3–§4.1.4, which are performed due to the bad extra decay rate (β(τ) . √τ ) of
density and velocity in that case. However, another procedure has been carried out if q is
conserved with respect to the perturbations, that is
q = q¯. (4.40)
We have to change uj to uq, otherwise, Condition (VI) in Appendix A can not be satisfied due
to the degeneracy of BP and Pu is the velocity uj, by letting Pu = 0 in P⊥B(t, u)P and noting
uq = gq0u
0 + gqiu
i, (4.41)
then P⊥B(t,P⊥u)P = PB(t,P⊥u)P⊥ 6= 0. For more details of this case, see [16, 20, 21, 30].
In other words, a good expression of the Euler equations verifying Condition (VI) in Appendix
A relies on the variable uq instead of u
i. In this section, we rewrite the Euler equations in terms
of variables (δζ, uq) first.
We express uk in terms of (gµν , uq) by performing a change of variables from u
i to uq, which
are related via the map ui = ui(uq, g
µν) given by
uk = gkiui + g
k0u0 = g
kiui + g
k0−g0iui −
√
(g0iui)2 − g00(1 + gijuiuj)
g00
. (4.42)
In above derivation, we have used the normalization (1.26), which is gαβuαuβ = −1, to obtain
u0 =
−g0iui −
√
(g0iui)2 − g00(1 + gijuiuj)
g00
.
Denote J ij the Jacobian of ui = ui(uj, g
µν). Differentiating (4.42) with respect to uj, we
calculate
J ij =
∂ui
∂uj
= gij +
g0i
g00
(
−g0j − 2g
0jg0kuk − g00gkjuk√
(g0kuk)2 − g00(1 + gkjukuj)
)
=δij + uij +
ηij
ω2
(2τu00 − u) + Sij(τ,u,uµν) + 2τu
0i
η00 + 2τu00
(
− 2τu0j
− 4τ
2u0ju0kuk − (η00 + 2τu00)gkjuk
2
√
(2τu0kuk)2 − (η00 + 2τu00)(1 + gklukul)
)
=δij + J ij(τ,u0ν , uk). (4.43)
Where J ij(τ, 0, 0) = 0. We differentiate ui with respect to xµ, then a simple chain rule gives
∂µu
i = J ij∂µuj +
∂ui
∂gαβ
∂µg
αβ. (4.44)
Inserting (4.44) into (4.16)–(4.17), and multiplying both sides of (4.17) by J ij , we can rewrite
the Euler equations as
λ2uµ∂µ(α− α¯) + λsLµi J iq∂µuq =
3
τ
λ2u0
(
q − q¯)
− λsLµi
(
∂ui
∂(gαβ)
∂µg
αβ + Γiµνu
ν
)
, (4.45)
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Mkiu
µJkjJ iq∂µuq + λsJ
ijLµi ∂µ(α− α¯) =J jq
[
−1
τ
1
u0
(
1− 3s2 q¯
q
)
uq
−Mkiuµ
( ∂uk
∂(gαβ)
∂µg
αβ + Γkµνu
ν
)]
. (4.46)
Multiplying 1
λ2u0
on the both sides of above Euler equations (4.45)–(4.46) (this step is neces-
sary in order to satisfy Condition (VII) of the singular hyperbolic system (A.1), see (5.38) for
the examination of this condition) and rephrasing them to a more compact matrix form yields
that
Nˆµ∂µVˆ =
1
τ
NˆPˆ†Vˆ+ Hˆ(τ,U, Vˆ), (4.47)
where Vˆ = (δζ, uq)
T , Nˆµ and Hˆ are given by
Nˆµ =
(
uµ
u0
qJ iqLµi
1
u0
qJ ijLµi
1
u0
q2
s2
MkiJ
kjJ iquµ 1
u0
)
,
and
Hˆ =
1
λ2u0
(
−λsLµi ( ∂u
i
∂(gαβ)
∂µg
αβ + Γiµνu
ν)
−J ijMkiuµ( ∂uk∂(gαβ)∂µgαβ + Γkµνuν)
)
.
In order to use Theorem A.1, we list two cases to choose Nˆ and Pˆ†:
(1) If q = q¯ and 1− 3s¯2 ≥ δˆ hold, then set
Nˆ =
(
1 0
0 − 1
λ2u0u0
(1− 3s2)J ij
)
and Pˆ† =
(
0 0
0 δqi
)
. (4.48)
(2) If q = q¯ and 1− 3s2 ≡ 0 hold, then set
Nˆ =
(
1 0
0 1
λ¯2
δiq
)
and Pˆ† =
(
0 0
0 0
)
. (4.49)
Now we have transformed the Einstein–Euler system to the target singular symmetric hy-
perbolic form. In the next section, we focus on examining the Conditions in Appendix A are
satisfied by above formulations.
5. Proof of the main Theorems
In this section, we prove the main theorem based on Theorem A.1.
5.1. Proof of Theorem 1.13.
5.1.1. Local existence and continuation of reduced conformal Einstein-Euler equations. The lo-
cal existence and continuation of reduced conformal Einstein-Euler equations can be derived
using standard local existence and continuation results for symmetric hyperbolic systems (see,
e.g. Theorems 2.1 and 2.2 of [24]), as long as the reduced conformal Einstein–Euler equations
are well-defined when they are written as a symmetric hyperbolic system, that is, the confor-
mal metric gµν remains non-degenerate and the conformal fluid four-velocity remains future
directed,
det(gµν) < 0 and u0 < 0.
and ρ remains strictly positive, and the new variables (U,V) or (U, V˜) are equivalent to the
original ones (gµν , ∂σg
µν , ρ, uµ). We omit the details for which we refer readers to [21, §3] and
[20, §4], but give the proposition to state this result
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Proposition 5.1. Suppose k ∈ Z≥3, Λ > 0, (gµν0 ) ∈ Hk+1(T3, S4), and (gµν1 ) ∈ Hk(T3, S4), να
∈ Hk(T3,R4) and ρ0 ∈ Hk(T3), where να is normalized by g0αβνανβ = −1, and det(gµν0 ) < 0
and ρ0 > 0 on T
3. Then there exists a T1 ∈ (0, 1] and a unique classical solution
(gµν, uµ, ρ) ∈
2⋂
ℓ=0
Cℓ((T1, 1], H
k+1−ℓ(T3))×
1⋂
ℓ=0
Cℓ((T1, 1], H
k−ℓ(T3))
×
1⋂
ℓ=0
Cℓ((T1, 1], H
k−ℓ(T3)),
of the conformal Einstein–Euler equations, given by (1.27) and (1.28), on the spacetime region
(T1, 1]× T3 that satisfies
(gµν , ∂τg
µν , ρ, uα)|τ=1 = (gµν0 , gµν1 , ρ0, να).
Moreover,
(i) the vector (U,V), see (3.26), is well-defined, lies in the space
(U,V) ∈
1⋂
ℓ=0
Cℓ((T1, 1], H
k−ℓ(T3,V)),
where
V = R4 × R12 × R4 × S3 × (S3)3 × S3 × R× R3 × R× R× R3,
and solves (3.23)–(3.25) and the Euler equations (4.38) basing on a transformation
(4.30), or (4.47) via transformation (4.41) on the spacetime region (T1, 1]× T3, and
(ii) there exists a constant σ > 0, independent of T1 ∈ (0, 1), such that if (U,V) satisfies
‖(U,V)‖L∞((T1,1],Hs(T3)) < σ,
then the solution (gµν , uµ, ρ) can be uniquely continued as a classical solution with the
same regularity to the larger spacetime region (T ∗1 , 1]× T3 for some T ∗1 ∈ (0, T1).
5.1.2. Proof for Makino-type (1) fluids. Let us first gather the Einstein equations (3.23)–(3.25)
and the Euler equations (4.38) together, recalling (3.26) and (4.39) that
U := (u0µ0 ,u
0µ
j ,u
0µ,ulm0 ,u
lm
j ,u
lm,u0,uj,u)
T and V˜ = (δζ,vp)T , (5.1)
to get the complete non-degenerated singular symmetric hyperbolic system
Bµ∂µ
(
U
V˜
)
=
1
τ
BP
(
U
V˜
)
+H, (5.2)
where
B =

A 0 0 0
0 −2g00I 0 0
0 0 −2g00I 0
−(E0δ0µ + Eqδqµ) 0 0 −N
 ,
Bµ =

Aµ 0 0 0
0 Aµ 0 0
0 0 Aµ 0
0 0 0 −Nµ
 , P =

P⋆ 0 0 0
0 Π 0 0
0 0 Π 0
0 0 0 P†

and H = (F1, F2, F3,−F )T .
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Then by simply reversing the time τ → −τ on above equations or the model equation in
Appendix A, we can apply Theorem A.1 to our above equations (5.2) directly.
We need to verify all the conditions in Appendix A. Conditions (I)–(III) are evident and
with the help of (4.27), it is direct to verify H, Bµ, B ∈ C0([T0, 0], C∞(V)).
The key to Condition (IV) are B0 ∈ C1([T0, 0], C∞(V)) and [P,B] = PB − BP = 0. We
now verify them respectively.
(1) Verification of B0 = diag{A0, A0, A0,−N0} ∈ C1([0, 1], C∞(V)): ∂τA0 has been in-
vestigated in [20, 21, 30], we need to verify N0 ∈ C1([0, 1], C∞(V)). First we prove that
τA ∈ C1([0, 1]) which can be verified by noting that A ∈ C0([0, 1]) (recall that A is defined by
(4.31)) and by (4.31) and the equation (4.15),
∂τ (τA) =− 3s¯
2
ωβ
− 18s¯
2
ωβλ¯
s′(α¯)− 3Ωs¯
2
ω3β
+ χ
(
3s¯2
ωβ
)
. 1 (by Assumption 1.5, s¯ . β),
for τ ∈ [0, 1]. Therefore, (4.30) can be expressed as vj = vj + τA(τ)Sj(τ,U) where, as our
convention of notations, Sj(τ,U) ∈ C1([0, 1], C∞(V)) and Sj(τ, 0) = 0. Applying (3.38)–(3.40),
(4.15), (4.18), (4.21) and (4.22), we calculate DτN
0(τ,U, V˜) (recall the convention of notation
in §1.1.3, the derivative operator Dτ is the partial derivative with respect to the first variable
τ) and try to see if it is continuous in [0, 1]. Directly expanding all the derivatives in DτN
0,
with the help of that τA ∈ C1([0, 1]), we find the key quantities in DτN0 (the other terms are
easy to bound in [0, 1]) are
Dτu
0(τ,U, V˜) =
1
ω
Ω
τ
+ S(τ,U, V˜), (5.3)
Dτu0(τ,U, V˜) =
1
ω3
Ω
τ
+ T(τ,U, V˜), (5.4)
DτMki(τ,U, V˜) =Fki(τ,U, V˜) (5.5)
where, by (2.7)–(2.8), |Ω/τ | . 1 for τ ∈ [0, 1] and the typewriter fond remainders S, T, Fki ∈
C0([0, 1], C∞(V)) agree with the conventions in §1.1.5 and S(τ, 0, 0) = T(τ, 0, 0) = Fki(τ, 0, 0) =
0. Also note that
sDτui(τ,U, V˜) =(s¯+ s
′(αK5)βδζ)∂τβ(τ)gijv
j + Li(τ,U, V˜),
and another crucial quantities are (view λ(α) and s(α) are functional of (τ,U, V˜))
Dτλ(α) =Dτλ
(
α¯(τ) + β(τ)δζ
)
= λ′(α)
[
δζ∂τβ(τ) +
3
τ
q¯
]
=(λ′(α¯) + λ′′(αK8)βδζ)
[
δζ∂τβ(τ) +
3
τ
q¯
]
=λ′(α¯)
[
δζ∂τβ(τ) +
3s¯
τ λ¯
]
+ λ′′(αK8)δζ
[
δζβ∂τβ(τ) +
3
τ
β(τ)q¯
]
, (5.6)
and
β(τ)Dτs(α) =β(τ)Dτs
(
α¯(τ) + β(τ)δζ
)
= β(τ)s′(α)
[
δζ∂τβ(τ) +
3
τ
q¯
]
=β(τ)(s′(α¯) + s′′(αK9)βδζ)
[
δζ∂τβ(τ) +
3
τ
q¯
]
=(s′(α¯) + s′′(αK9)βδζ)
[
δζβ(τ)∂τβ(τ) +
3
τ
β(τ)q¯
]
, (5.7)
where K8, K9 ∈ (0, 1). Then Assumption 1.5.(1.12) and inequalities (1.18) guarantee N0 ∈
C1([0, 1], C∞(V)) and we conclude this condition.
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(2) Verification of [P,B] = PB − BP = 0: To verify this condition, we only need to
examine the following three relations,
P⋆A =AP⋆, (5.8)
P†N =NP† (5.9)
and
P†(E0δ
0
µ + Eqδ
q
µ) =(E0δ
0
µ + Eqδ
q
µ)P
⋆. (5.10)
It is evident that (5.8) and (5.9) hold by direct calculations. Let us focus on (5.10) and calculate
(E0δ
0
µ + Eqδ
q
µ)P
⋆
=
(
τη00
2β(τ)
(
0 0 0
0 δlr 0
)
δ0µ −
τ
β(τ)
(1− 3s¯2)
(
0 0 0
grq 0 grq
)
δqµ
) 12 0 120 δjl 0
1
2
0 1
2

=
τη00
2β(τ)
(
0 0 0
0 δjr 0
)
δ0µ −
τ
β(τ)
(1− 3s¯2)
(
0 0 0
grq 0 grq
)
δqµ
=
(
1 0
0 δir
)(
τη00
2β(τ)
(
0 0 0
0 δji 0
)
δ0µ −
τ
β(τ)
(1− 3s¯2)
(
0 0 0
giq 0 giq
)
δqµ
)
= P†(E0δ
0
µ + Eqδ
q
µ).
Now we complete the verification of Condition (IV).
Next, we verify Condition (V). In order to state this concisely, we address it by using the
following simple Lemma,
Lemma 5.2. Suppose a real block matrix
Q =
(
A˜ 0
E N
)
where A˜ is a m ×m symmetric matrix, N a n × n symmetric matrix and E a n ×m matrix.
If there is a constant ǫ > 0, such that
A˜− 1
2ǫ
I and N − ǫ
2
EET
are both positive definite, then Q is positive definite, that is
(XT , Y T )Q
(
X
Y
)
≥ 0
for any X ∈ Rm is a m× 1 matrix and Y ∈ Rn a n× 1 matrix.
Proof. For any X ∈ Rm is a m×1 matrix and Y ∈ Rn a n×1 matrix, note there is an inequality
that
− ǫ
2
Y TEETY − 1
2ǫ
XTX ≤ Y TEX ≤ ǫ
2
Y TEETY +
1
2ǫ
XTX
for some constant ǫ > 0. Then since
(XT , Y T )
(
A˜ 0
E N
)(
X
Y
)
= XT A˜X + Y TNY + Y TEX,
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we arrive at
XT
(
A˜− 1
2ǫ
I
)
X + Y T
(
N − ǫ
2
EET
)
Y ≤ (XT , Y T )
(
A˜ 0
E N
)(
X
Y
)
≤ XT
(
A˜+
1
2ǫ
I
)
X + Y T
(
N +
ǫ
2
EET
)
Y.
We then complete the proof of this Lemma due to the positive definite properties of A˜ − 1
2ǫ
I
and N − ǫ
2
EET for some ǫ > 0. 
Remark 5.3. Note that if E = (aij), E
T denote (aTkl) where a
T
kl = alk, then we can calculate
the element bil of EE
T is equal to δkjaikalj .
Now let us use this Lemma to examine the Condition (V). Firstly, we introduce a notation
Circ [M ] := M˚(τ) and Tild [M ] := M˜(τ,U, V˜)
respectively, provided there is a decomposition of a functionalM(τ,U, V˜) = M˚(τ)+M˜(τ,U, V˜)
where M˜(τ, 0, 0) = 0. Then, it is easy to conclude simple but crucial identities that
Circ [M ] = M˚(τ) =M(τ, 0, 0), (5.11)
Circ[M1M2] = Circ[M1] Circ[M2] = M˚1M˚2 (5.12)
and
Circ[M1 +M2] = Circ[M1] + Circ[M2] = M˚1 + M˚2 (5.13)
for Mℓ = M˚ℓ(τ) + M˜ℓ(τ,U, V˜) (ℓ = 1, 2).
In order to verify (A.6), we only concern
Q =
1
κ
B˚− B˚0 = Circ
[1
κ
B− B0
]
=
1
κ
B(τ, 0, 0)−B0(τ, 0, 0),
due to the fact that evidently B˚0 ≥ 1
γ1
I for some constant γ1 > 0 and B˚ is bounded. We only
need to verify Q is positive definite, which implies B˚0 ≤ 1
κ
B˚. Then, the corresponding matrices
in the Lemma are selected by
A˜ =Circ
 1κA−A0 0 00 − 2
κ
g00I−A0 0
0 0 − 2
κ
g00I− A0
 , (5.14)
N =Circ
(−( 1
κ
N−N0)) (5.15)
and
E =Circ
(− 1
κ
(E0δ
0
µ + Eqδ
q
µ) 0 0
)
. (5.16)
Then by Lemma 5.2, we only need to concentrate on examining
A˜− 1
2ǫ
I =Circ
 1κA− A0 − 12ǫI 0 00 − 2
κ
g00I−A0 − 1
2ǫ
I 0
0 0 − 2
κ
g00I− A0 − 1
2ǫ
I
 (5.17)
and
N − ǫ
2
EET =Circ
(−( 1
κ
N−N0)− ǫ
2
1
κ2
(E0δ
0
µ + Eqδ
q
µ)(E0δ
0
ν + Elδ
l
ν)
T δµν
)
(5.18)
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are both positive definite. Let us, with the help of (5.11), calculate
Circ
[1
κ
A−A0 − 1
2ǫ
I
]
=
( 1κ − 1)ω2 − 12ǫ 0 00 ( 3
2κ
− 1− 1
2ǫ
)
δij 0
0 0
(
1
κ
− 1)ω2 − 1
2ǫ
 , (5.19)
Circ
[
−2
κ
g00I−A0 − 1
2ǫ
I
]
=
( 2κ − 1)ω2 − 12ǫ 0 00 ( 2
κ
ω2 − 1− 1
2ǫ
)
δij 0
0 0
(
2
κ
− 1)ω2 − 1
2ǫ
 (5.20)
and by noting that Circ [u0] = −ω and Circ [u0] = 1ω , and since q′′(α) . 1, then
Circ
[
−
(1
κ
N−N0
)
− ǫ
2
1
κ2
(E0δ
0
µ + Eqδ
q
µ)(E0δ
0
ν + Elδ
l
ν)
T δµν
]
=
( 1
κ
λ¯2ω
(
3q′(α¯)− χ(τ))− λ¯2ω 0
0
[
1
κ
(
1− 3s¯2)− 1
κ
χ(τ)− 1]δriω − ǫ2 1κ2 τ2β2S(τ)δri
)
(5.21)
where
S(τ) =
(
− 1
2ω2
)2
+ 2(1− 3s¯2)2.
Now we examine all the elements in above (5.19)–(5.21) are positive by recalling δˆ defined by
(1.9) which is δˆ ∈ (0, (1 +√ 3
Λ
)
min{3
4
, Λ
3+Λ
}) and taking
κ =
1
2
(
1 +
√
3
Λ
)−1
δˆ and ǫ =
1
2
,
which implies (5.17) and (5.18) are both positive definite. With the help of (2.7) which implies
ω2 ≥ Λ
3
, we arrive at(1
κ
− 1
)
ω2 − 1 ≥
[2
δˆ
(
1 +
√
3
Λ
)
− 1
]Λ
3
− 1 > 1 + Λ
3
> 0
(
by δˆ <
(
1 +
√
3
Λ
) Λ
3 + Λ
)
,
3
2κ
− 1− 1 =2
(
1 +
√
3
Λ
) 3
2δˆ
− 2 > 2 > 0
(
by δˆ <
(
1 +
√
3
Λ
)3
4
)
,
2
κ
ω2 − 1− 1 ≥2
(
1 +
√
3
Λ
)2Λ
3δˆ
− 2 > 2 + 4
3
Λ > 0
(
by δˆ <
(
1 +
√
3
Λ
) Λ
3 + Λ
)
,
with the help of Assumption 1.5.(1), we obtain
1
κ
(
3q′(α¯)− χ(τ))− 1 ≥ 2(1 +√ 3
Λ
)3δˆ
δˆ
− 1 > 5 + 6
√
3
Λ
> 0,
by (1.13) and C∗ is defined in Assumption 1.5.(1)[1
κ
(
1− 3s¯2 − χ(τ))− 1]ω − 1
4
1
κ2
τ 2
β2
S(τ) ≥
( δˆ
κ
− 1
)√Λ
3
− 1
4κ2
(C∗δˆ)2
( 9
4Λ2
+ 2
)
≥
(
2
(
1 +
√
3
Λ
) δˆ
δˆ
− 1
)√Λ
3
− 1 = 1 +
√
Λ
3
> 0
for any τ ∈ [0, 1]. Then we verified Condition (V).
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Let us turn to Condition (VI). First calculate
P⊥ =

(P⋆)⊥ 0 0 0
0 Π⊥ 0 0
0 0 Π⊥ 0
0 0 0 (P†)⊥
 .
Then this condition means we need to examine
(P†)⊥N0
(
τ,P⊥(U, V˜)T
)
(P†) = (P†)N0
(
τ,P⊥(U, V˜)T
)
(P†)⊥ = 0.
This always holds since (P†)⊥ ≡ 0. The other parts are easy to check and the same as the
corresponding part in [30].
The last Condition (VII) can be examined by noting (P†)⊥ ≡ 0 and using the derivations
in [21, §7.1], which we omit here and readers can consult [21, §7.1] for the details.
Having verified that all of the hypotheses of Theorem A.1 are satisfied, we conclude that
there exists a constant σ > 0, such that if
‖gµν0 − ηµν(1)‖Hk+1 + ‖gµν1 − ∂τηµν(1)‖Hk + ‖ρ0 − ρ¯(1)‖Hk + ‖νi‖Hk < σ,
which, by Assumption 1.3, (1.37)–(1.48), (4.30)–(4.31) and δζ = β−1(µ−1)′(ρK10)(ρ− ρ¯), implies
‖(U, V˜)|τ=1‖Hk ≤ Cσ,
then by Theorem A.1, there exists a T∗ ∈ (0, 1), and a unique classical solution (U, V˜) ∈
C1([T∗, 1]× T3) that satisfies
(U, V˜) ∈ C0([T∗, 1], Hk) ∩ C1([T∗, 1], Hk−1), (5.22)
and the energy estimate
‖(U, V˜)‖Hk ≤ C‖(U, V˜)|τ=1‖Hk ≤ Cσ (5.23)
for all 1 ≥ τ > T∗, and can be uniquely continued to a larger time interval (T ∗, 1] for all
T ∗ ∈ [0, T∗). Furthermore, above bound leads to the solutions (U, V˜) exist globally on M =
(0, 1] × T3 and satisfy the estimates (5.23) with T∗ = 0. In particular, this implies, via the
definition (5.1) of (U, V˜), that
‖(u0µ0 ,u0µj ,u0µ,ulm0 ,ulmj ,ulm,u0,uj ,u, δζ,vp)‖Hk ≤ Cσ.
Furthermore, by (3.29)–(3.34), we obtain
‖gµν − ηµν‖Hk+1 + ‖∂σgµν − ∂σηµν‖Hk ≤ C‖U‖Hk ≤ Cσ,
and the transformations in Assumption 1.3 and 1.4 imply there exists a function ̺ ∈ C([0, 1], C∞(R))
satisfying ̺(τ, 0) = 0 such that
ρ− ρ¯ = τ ς̺(τ, β−1(τ)(α− α¯)), ς ≥ 2.
Then Moser estimates for composition of functions (see, e.g. [21, Lemma A.3]) yield
‖ρ− ρ¯‖Hk ≤ C‖β−1(α− α¯)‖Hk ≤ Cσ,
and using (4.30)–(4.31), that is, up = β(τ)(vp + 2τAu0p), we derive that
‖up‖Hk ≤ β(τ)‖vp‖Hk + 2τβ(τ)A(τ)‖u0p‖Hk ≤ Cσ
for τ ∈ (0, 1]. In addition, (5.22) with above transformations and estimates yield (1.50). Then,
we complete the proof of the main Theorem 1.13 for Makino-type (1) fluids.
FUTURE STABILITY OF FLRW FOR A LARGE CLASS OF PERFECT FLUIDS 39
5.1.3. Proof for Makino-type (2) fluids. As the previous section §5.1.2, Let us first gather the
Einstein equations (3.23)–(3.25) and the Euler equations (4.47) together, recalling the definition
of
U := (u0µ0 ,u
0µ
j ,u
0µ,ulm0 ,u
lm
j ,u
lm,u0,uj,u)
T and Vˆ := (δζ, uq)
T ,
to get the complete non-degenerated singular symmetric hyperbolic system
Bµ∂µ
(
U
Vˆ
)
=
1
τ
BP
(
U
Vˆ
)
+H (5.24)
where
B =

A 0 0 0
0 −2g00I 0 0
0 0 −2g00I 0
0 0 0 Nˆ
 ,
Bµ =

Aµ 0 0 0
0 Aµ 0 0
0 0 Aµ 0
0 0 0 Nˆµ
 , P =

P⋆ 0 0 0
0 Π 0 0
0 0 Π 0
0 0 0 Pˆ†

and H = (F1, F2, F3, Hˆ)
T . To prove the main theorem in this case, our purpose is still applying
Theorem A.1 in Appendix A. Thus we need to examine Conditions (I)–(VII) for equation (5.24).
Conditions (I)–(II) is easy to verify as the previous section when we apply Theorem A.1.
Next, in order to verify Condition (III), we demonstrate H is regular in all the variables,
that is H ∈ C0([0, 1], C∞(V)), by expanding the following crucial quantities. Differentiating
(4.42) with respect to gµν , we arrive at
∂uk
∂(g00)
=gk0
(
(1 + gijuiuj)
2g00
√
(g0iui)2 − g00(1 + gijuiuj)
+
√
(g0iui)2 − g00(1 + gijuiuj)
(g00)2
)
=τMk00(τ,U, Vˆ),
∂uk
∂(g0i)
=δki
(
−g0quq −
√
(g0quq)2 − g00(1 + gijuiuj)
g00
)
+ gk0
(
−ui − g
0iu2i
g00
√
(g0quq)2 − g00(1 + gijuiuj)
)
=− δ
k
i√
−η00 +M
k
0i(τ,U, Vˆ),
and
∂uk
∂(gij)
=δkj ui +
gk0uiuj
2
√
(g0quq)2 − g00(1 + gijuiuj)
=Mkij(τ,U, Vˆ),
where Mkαβ(τ,U, Vˆ) agree with the convention of notation of remainders in §1.1.5 and satisfy
Mkαβ(τ, 0, 0) = 0. Then by (3.29)-(3.40) and letting β(τ) = 1, we easily get
Lµk
∂uk
∂(gαβ)
∂µg
αβ = N (τ,U, Vˆ), (5.25)
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whereN (τ,U, Vˆ) agrees with the convention of notation of remainders and satisfiesN (τ, 0, 0) =
0. Next let us calculate terms involving the Christoffel terms. Direct calculations, with the
help of that
u0 = g00u0 + g
k0uk = −
√
(g0iui)2 − g00(1 + gijuiuj),
yield
Γkµνu
µuν =Γk00u
0u0 + 2Γk0iu
0ui + Γklmu
lum
=Γk00
(
(g0iui)
2 − g00(1 + gijuiuj)
)
− 2Γk0i
√
(g0iui)2 − g00(1 + gijuiuj)(gi0u0 + gimum)
+ Γklm(g
l0u0 + g
lquq)(g
m0u0 + g
mquq)
=N k(τ,U, Vˆ), (5.26)
where N k(τ,U, Vˆ) agree with the convention of notation of remainders and satisfyN k(τ, 0, 0) =
0. Some direct expansions, with the help of (4.21)–(4.24), (4.42), (4.43), (5.25)–(5.26), lead to
H ∈ C0([0, 1], C∞(V)).
As the previous section, in order to verify Condition (IV), the crucial condition is B0 ∈
C1([0, 1], C∞(V)) and we only need to check Nˆ0 ∈ C1([0, 1], C∞(V)). Using (1.12) in Assump-
tion 1.5, with the help of (4.42) which implies ui(τ,U, Vˆ) ∈ C1([0, 1], C∞(V)), the similar
derivations to the previous section (5.3)–(5.7) yield,
Dτu
0(τ,U, Vˆ) =
1
ω
Ω
τ
+ S(τ,U, Vˆ), (5.27)
Dτu0(τ,U, Vˆ) =
1
ω3
Ω
τ
+ T(τ,U, Vˆ), (5.28)
DτMki(τ,U, Vˆ) =Fki(τ,U, Vˆ), (5.29)
Dτq(α) =q
′(α)
3
τ
q¯ ≡ 0 (Becasue q ≡ q¯), (5.30)
and by q ≡ q¯, Assumption 1.3.(1.10) and 1.4.(1.11), (4.15), (1.21), the bounds (2.6) of ρ¯(τ),
and
(s2)′(α) =
d
dα
µ∗
(
dp/dρ
)
=
d2p
dρ2
∣∣∣
µ(α)
dµ
dα
∣∣∣
α
(5.31)
we arrive at
Dτs
2(α) = (s2)′(α)
3
τ
q¯ = p′′
∣∣
µ(α)
dµ
dα
∣∣∣
α
3
τ
q¯ = p′′
∣∣
µ(α)
µ(α) + µ∗p(α)
q(α)
3
τ
q¯
=p′′
∣∣
µ(α)
µ(α)− µ(α¯) + µ∗p(α)− µ∗p(α¯)
q(α)
3
τ
q¯ + p′′
∣∣
µ(α)
µ(α¯) + µ∗p(α¯)
q(α)
3
τ
q¯
=3p′′
∣∣
µ(α)
(1 + c2s(ρK4))τ
ς−1̺
(
τ, β−1(τ)(α− α¯))+ p′′∣∣
µ(α)
(
ρ¯+ p¯(ρ)
)3
τ
. 1, (5.32)
for ς ≥ 2 and τ ∈ [0, 1]. Note that (4.43) implies
DτJ
iq(τ,u0ν , uk) = J
iq(τ,u0ν , uk), (5.33)
in other words, J ij ∈ C1([0, 1], C∞(V)). Assisted with above preparations (5.27)–(5.33), we can
directly expand Dτ Nˆ
0 and it is evident to conclude B0 ∈ C1([0, 1], C∞(V)). The other parts of
this conditions are easy to examine and we omit the details.
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Then, let us turn to Condition (V). By (5.11), to verify (A.6), as before, we only concern
Q =
1
κˆ
B˚− B˚0 = Circ
[1
κˆ
B− B0
]
=
1
κˆ
B(τ, 0, 0)−B0(τ, 0, 0),
and to verify Q is positive definite. We focus on one element of Q that is 1
κˆ
Nˆ(τ, 0, 0)−Nˆ0(τ, 0, 0).
There are two cases to proceed:
(1) If Nˆ and Nˆ0 are defined by (4.48), then, with the help of (4.21), (4.22), (4.42) and
(4.43) (Note that uq = 0 and u
0i = 0 imply vi = 0 and further vi = 0 by (4.30) and
(4.42)),
1
κˆ
Nˆ(τ, 0, 0)− Nˆ0(τ, 0, 0) =
((
1
κˆ
− 1) 0
0 1
λ¯2
(
1
κˆ
(1− 3s¯2)− 1)δiq
)
.
(2) If Nˆ and Nˆ0 are defined by (4.49), then,
1
κˆ
Nˆ(τ, 0, 0)− Nˆ0(τ, 0, 0) =
((
1
κˆ
− 1) 0
0 1
λ¯2
(
1
κˆ
− 1)δiq
)
.
By taking
κˆ :=
(
1 +
√
3
Λ
)−1
δˆ,
above 1
κˆ
Nˆ(τ, 0, 0) − Nˆ0(τ, 0, 0), by noting κˆ < 3/4 due to (1.9), with the help of (1.10) and
Assumption 1.5.(2), is positive definite in both cases. This, with the help of (5.14), (5.17),
(5.19) and (5.20) and the derivations in the previous section §5.1.2, implies Q is positive definite,
which, in turn, implies Condition (V).
For Conditions (VI) and (VII), if Nˆ and Pˆ† are defined by (4.49), Then Conditions (VI)
and (VII) hold evidently due to Pˆ† ≡ 0. We only need to examine the case when Nˆ and Pˆ†
are defined by (4.48). In this case,
P(U, Vˆ)T =
(1
2
u
0µ
0 +
1
2
u0µ,u0µl ,
1
2
u
0µ
0 +
1
2
u0µ,ulm0 , 0, 0,u0, 0, 0, 0, ui
)T
. (5.34)
To verify Condition (VI) is equivalent to verifying
(P⋆)⊥A0(τ,P⊥(U, Vˆ)T )P⋆ =P⋆A0(τ,P⊥(U, Vˆ)T )(P⋆)⊥ = 0,
Π⊥A0(τ,P⊥(U, Vˆ)T )Π =ΠA0(τ,P⊥(U, Vˆ)T )Π⊥ = 0,
(Pˆ†)⊥N0(τ,P⊥(U, Vˆ)T )Pˆ† =Pˆ†N0(τ,P⊥(U, Vˆ)T )(Pˆ†)⊥ = 0.
To obtain A0(τ,P⊥(U, Vˆ)T ) and N0(τ,P⊥(U, Vˆ)T ), we set P(U, Vˆ)T = 0 in the variables
(U, Vˆ)T of A0 and N0. Direct calculations yield
(P⋆)⊥A0(τ,P⊥(U, Vˆ)T )P⋆ = P⋆A0(τ,P⊥(U, Vˆ)T )(P⋆)⊥
=
 12 0 −120 0 0
−1
2
0 1
2
 −g00 0 00 gij 0
0 0 −g00

∣∣∣∣∣∣
P(U,Vˆ)T=0
12 0 120 δjl 0
1
2
0 1
2
 = 0, (5.35)
Π⊥A0(τ,P⊥(U, Vˆ)T )Π = ΠA0(τ,P⊥(U, Vˆ)T )Π⊥
=
0 0 00 1 0
0 0 1
  −g00 0 00 gij 0
0 0 −g00

∣∣∣∣∣∣
P(U,Vˆ)T=0
1 0 00 0 0
0 0 0
 = 0 (5.36)
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and
(Pˆ†)⊥Nˆ0(τ,P⊥(U, Vˆ)T )Pˆ† = Pˆ†Nˆ0(τ,P⊥(U, Vˆ)T )(Pˆ†)⊥
=
(
1 0
0 0
) (
1 0
0 1
λ2
MkiJ
kjJ iq
)∣∣∣∣
P(U,Vˆ)T=0
(
0 0
0 δqi
)
= 0. (5.37)
Note that we have set ui = 0 (from (5.34) and P(U, Vˆ)
T = 0) in (5.37), which leads to L0i = 0
in Nˆ0. This completes the verification of Condition (VI).
At the end, the examination of Condition (VII) is the same as the previous work in [30, §3]
and [21, §7]. To avoid repeating the examination, we only note a crucial identity in the proof
that is
(Pˆ†)⊥[D(U,Vˆ)Nˆ
0(τ,U, Vˆ)W](Pˆ†)⊥ ≡ 0, (5.38)
for anyW ∈ V. The same derivations, with the help of the identity (5.38), conclude Condition
(VII).
Having verified that all of the hypotheses of Theorem A.1 are satisfied, we can conclude the
the main Theorem 1.13 via the similar arguments to the previous section §5.1.2, but only noting
that, in this case, the invertible transformation between uq and u
i is given by (4.41) and (4.42),
and then they can be controlled by each other with the gravitational variables,
‖uq‖Hk . ‖(U, ui)‖Hk and ‖ui‖Hk . ‖(U, uq)‖Hk .
We omit the reduplicate details and complete the proof of the main Theorem 1.13 for Makino-
type (2) fluids.
Appendix A. A class of symmetric hyperbolic systems
In this Appendix, we introduce the main tool for this article which is a variation of the
theorem originally established in [30, Appendix B]. The proof of it has been omit, but readers
can see the details7 in [30], and its generalizations in [21] and [20].
Consider the following symmetric hyperbolic system.
Bµ∂µu =
1
t
BPu+H in [T0, T1]× Tn, (A.1)
u =u0 in T0 × Tn, (A.2)
where we require the following Conditions:
(I) T0 < T1 ≤ 0.
(II) P is a constant, symmetric projection operator, i.e., P2 = P, PT = P and ∂µP = 0.
(III) u = u(t, x) and H(t, u) are RN -valued maps, H ∈ C0([T0, 0], C∞(RN)) and satisfies
H(t, 0) = 0.
(IV) Bµ = Bµ(t, u) andB = B(t, u) areMN×N -valued maps, andB
µ, B ∈ C0([T0, 0], C∞(RN)),
B0 ∈ C1([T0, 0], C∞(RN)) and they satisfy
(Bµ)T = Bµ, [P,B] = PB−BP = 0. (A.3)
7A minor revision and improvement about the condition (VII) has been included in arXiv:1505.00857v4 and
only (A.7) is necessary in our case. An alternative expression of this condition is given in [21] and [20].
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(V) Suppose8
B0 =B˚0(t) + B˜0(t, u) (A.4)
and
B =B˚(t) + B˜(t, u) (A.5)
where B˜0(t, 0) = 0 and B˜(t, 0) = 0. There exists constants κ, γ1, γ2 such that
1
γ1
I ≤ B˚0 ≤ 1
κ
B˚ ≤ γ2I (A.6)
for all t ∈ [T0, 0].
(VI) For all (t, u) ∈ [T0, 0]× RN , we have
P⊥B0(t,P⊥u)P = PB0(t,P⊥u)P⊥ = 0,
where P⊥ = I−P is the complementary projection operator.
(VII) There exists constants ς, β1 and ̟ > 0 such that
|P⊥[DuB0(t, u)(B0)−1BPu]P⊥|op ≤|t|ς + 2β1
̟ + |P⊥u|2 |Pu|
2, (A.7)
Theorem A.1. Suppose that k ≥ n
2
+ 1, u0 ∈ Hk(Tn) and conditions (I)–(VII) are fulfilled.
Then there exists a T∗ ∈ (T0, 0), and a unique classical solution u ∈ C1([T0, T∗] × Tn) that
satisfies u ∈ C0([T0, T∗], Hk) ∩ C1([T0, T∗], Hk−1) and the energy estimate
‖u(t)‖2Hk −
∫ t
T0
1
τ
‖Pu‖2Hkdτ ≤ CeC(t−T0)(‖u(T0)‖2Hk)
for all T0 ≤ t < T∗, where C = C(‖u‖L∞([T0,T∗),Hk), γ1, γ2, κ), and can be uniquely continued to
a larger time interval [T0, T
∗) for all T ∗ ∈ (T∗, 0] provided ‖u‖L∞([T0,T∗),W 1,∞) <∞.
Let us end this Appendix with a remark of the proof although we omit the detailed proof.
Remark A.2. We give the key revision in the proof due to the changing of Condition (V),
(i.e. (A.4)–(A.6)). As in [21, Page 2203], we rewriting B˚0, as B˚0 = (B˚0)
1
2 (B˚0)
1
2 , which we can
do since B˚0 is a real symmetric and positive-definite, we see from (A.6) that
(B˚0)−
1
2 B˚(B˚0)−
1
2 ≥ κ1. (A.8)
Since, by (A.3)–(A.5)
2
t
〈Dαu,BDαPu〉 =2
t
〈DαPu, (B˚0) 12 [(B˚0)− 12 B˚(B˚0)− 12 ](B˚0) 12DαPu〉+ 2
t
〈DαPu, B˜DαPu〉
≤2κ
t
〈DαPu, B˚0DαPu〉+ 2
t
〈DαPu, B˜DαPu〉
=
2κ
t
〈DαPu,B0DαPu〉 − 2κ
t
〈DαPu, B˜0DαPu〉+ 2
t
〈DαPu, B˜DαPu〉.
8This variation of the original condition (v) and (B.3) in [30] facilitate the examinations of the conditions of
this theorem, and the proof is easy to recover by minor corrections. Note that the τ -singular terms caused by
B˜0(t, u) and B˜(t, u) can be absorbed into the principle singular term with the good sign. We give a Remark
A.2 on the key revision in the proof. See the proof in [30] or more details in [21, §5] involving such variations.
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It follows immediately from (A.8) that
2
t
∑
0≤|α|≤s−1
〈Dαu,BDαPu〉 ≤ 2κ
t
|||Pu|||2Hs−1︸ ︷︷ ︸
I
− 1
t
C‖u‖Hs−1‖Pu‖2Hs−1︸ ︷︷ ︸
II
, (A.9)
where
|||u|||2Hk :=
∑
0≤|α|≤k
〈Dαu,B0(t, u(t, ·))Dαu〉.
Then, the following proof are the same as [30, Appendix B] or [21, §5] just noting that that
the term II in (A.9) can be absorbed by I in the rest of estimates provided the data is small
enough.
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